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INTRODUCTION 
David Eugene Smith 


The science of mathematics is taught in our schools for several 
reasons. For some the chief reason is that the subject is or may 
be practical. For others it is taught because it is a stepping stone 
to such sciences as astronomy and physics. Others see in it an 
exercise in terse, logical expression, such as is found in no other 
subject in the curriculum. These are only a few of the reasons 
that prompt many to favor the retention of mathematics in the 
general high-school course, and they are by no means the only 
important ones. But for the pupil they are of little significance 
unless the subject is interesting. It is for this reason that teach- 
ers seek to incorporate in their instruction, incidentally as the 
occasion may offer, such ideas as those of the poetry of mathe- 
matics, of the Infinite, of the eternal truths of the science, of 
the ‘invariant properties of certain figures, and of the game. 
Such departures from the routine work of a text-book are wel- 
come breaks in what would otherwise tend to monotony, and 
they are to be encouraged provided they are made but incidents 
in the development of the subject. 

It is for this reason that I have accumulated a considerable 
amount of literature upon the recreations of mathematics, and 
have from time to time urged my students to become familiar 
with the standard works upon the subject. Some have gone 
rather fully into a study of this phase of teaching, and I have 
asked a few to set forth some of the results of their work. It 
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must not, however, be thought that these results are in the sys- 
tematic shape that would be expected in a treatise upon the sub- 
ject. Each paper, appearing here as a separate chapter, was 
written originally quite independently of every other one, and it 
is only when an effort was made to bring them together that 
they were made to fit into a rough general scheme by means of 
certain omissions, additions, and cross references. 

In Chapter I Mr. Hunt has merely suggested a few well- 
known games in which the number element arises. Such games 
can easily be abused, and no one recognizes this more clearly 
than Mr. Hunt himself. On the other hand they form a valuable 
adjunct to the teacher’s mathematical equipment, and in the 
early grades they have a well-defined place. 

In Chapter II Mrs. Flynn has studied the question of the 
use of cards as aids to the acquiring of facility in number. 
Where there is a prejudice against the playing of cards in the 
home this chapter will not be helpful, but where the home sanc- 
tions amusements of this nature the information will be of 
service. 

In Chapter III Miss Eaton has collaborated with me in giving 
a sketch of the great medieval number game of Rithmomachia. 
Of course no one would use this game in teaching at the present 
time. I feel, however, that it has a place in this presentation of 
the subject, because it shows that the game element has by no 
means been confined to the teaching of children, but appealed 
to the highest mathematical minds of a certain period in the 
world’s history. 

Chapter IV is inserted with some hesitancy. In it I have 
given a brief history of the world’s oldest and best-known num- 
ber game, the game of dice. It has little bearing upon the 
present problem, but to many minds a human interest is added 
to a device of this nature if it is seen in its historical aspect. 
There is to-day no single device for number play that is more 
helpful than the common dice that are used in back-gammon. 
The ancient prejudice against them is wearing off, since people 
who gamble in our day do so with means that are far more 
complex than the simple cube that was one time the danger 
signal to all who played with the Fates. 
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Chapter V is a mere fragment. It was originally intended to 
present the subject of number rhymes in extenso, and that inde- 
fatigable ethnologist, Stephen Culin, was to join with me in 
the work. The other material that accumulated for this number 
of the Teachers College Record was so great, however, that it 
was possible only to give this introduction at the present time. 
Mr. Culin and I have a large amount of this material, and if it 
will be of service to teachers it is not improbable that we may 
be able to put some of it in shape for use. 

In Chapter VI Mr. Atwell has given a brief sketch of the 
number rhyme, or rather of the arithmetical puzzle in rhyme, 
as it appeared among the Greeks. It should show us that pos- 
sibly we have too much neglected in our cold, practical, matter- 
of-fact teaching of to-day, the value of rhyme in the algebraic 
problem. 

In Chapter VII Miss Selkin has considered the field of 
mathematical recreations from the standpoint of the high-school 
teacher. As she shows in her footnotes, this material is already 
in print, but it is not where teachers generally can find it. To 
be sure, Ball’s delightful work is available, but Miss Selkin has 
gone much beyond that in her search for interesting material. 
The bibliography that she gives will, in itself, be of great assist- 
ance to teachers, while the number games that she sets forth will 
be serviceable in mathematical clubs in the high school as well 
as in the class room. 

And so, although the chapters are somewhat fragmentary, 
and although there is a manifest lack of codrdination among 
them, due to the circumstances under which they were prepared, 
I feel that they will at least serve to awaken an interest in a 
phase of the teaching of mathematics that has for some time 
been dormant. 


CHAPTER I 


PLAY AND RECREATION IN ARITHMETIC 
Charles W. Hunt 


In the present chapter an effort is made to show how the 
impulse to play can be applied to the problem of teaching arith- 
metic. Technique in the fundamental processes is the aim of a 
large part of the instruction in the elementary school, but we are 
confronted with the fact that children cannot add correctly and 
quickly when they have finished this course of drill. Children 
like formal work, but a high standard of efficiency is lacking. 
Is not the fact that the results are not in direct ratio to the 
amount of time spent upon the subject, as has been shown by 
numerous investigators, due to the attempt at a straight lift, 
whereas the use of leverage would have reduced both time and 
strain? 

Much has been said about the play instinct. It is nature’s 
preparation for life, and its strength and usefulness have long 
been recognized. Rabelais proposed to have Gargantua “ learn 
even mathematics through recreation and amusements,” and the 
same idea was not long ago carried out by the father of Mr. 
Sidis, whose early mathematical attainments attracted some atten- 
tion. No treatment of genetic psychology is complete without a 
statement of the existence, extent, and application of this gen- 
eral principle. Whether we agree with Spencer’s theory of the 
source of play as the surplus energy of childhood’s exercises in 
imitation, or with that of Gross, that it is the outcropping of 
inherited instinct, we are bound to recognize its strength and 
usefulness. Progress is made because the whole emotional con- 
tent of the mind is centered upon some play in which useful 
habits are involved. 

It will be noted that play is not a thing by itself, but that it 
concerns the expression of many kinds of instincts. Some of 
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these are curiosity, personal power, bodily and mental activity, 
imitation, memory, competition, construction, collecting, codpera- 
tion, rhythm, risk, and chance. A game should possess other 
appealing qualities, such as freedom, pleasure-giving, spontaneity, 
surprise, variety, and difficulty. These elements cannot be com- 
bined mechanically. To play well is a real gift, and merely to 
call an activity play does not make it such. The leader in a game 
must be in the spirit of play. The teacher must be an artist in 
order to succeed in this line of activity. 

This discussion is not a plea for “ making education easy.” 
It is rather an argument for approaching hard work in the spirit 
of play. We need only watch the games of children to realize 
that supreme effort enters into play as it hardly does in the 
“work” which they do. This fact is extremely valuable in 
habit formation. As much as anything else, arithmetical reac- 
tions need to be keyed to a much faster rate. Book says (“ Psy- 
chology of Skill,” p. 179), in discussing the factors involved in 
acquiring the technique of typewriting, that “ at certain definite 
stages of advancement where a special habit or group of habits is 
being perfected, the learners are especially liable to settle down 
to a rate of work far below their highest possibility, the low rate 
tending to become habitual. In forced learning . . . the 
strongest incentives are lacking, and not the least problem con- 
nected with educational work is to find incentives to effort 
which will call forth all the energy that may be brought to bear 
on the mastery of the subject studied.” One of his final con- 
clusions is that improvement depends “upon how strenuously 
the learner keeps himself applied to his task.” If we accept 
these conclusions and believe in the compelling power of play, 
the motive in making a collection of arithmetical plays and 
recreations becomes clear. The same writer also adds (p. 118) 
that attention, speed, and accuracy are directly correlated, and 
this fact furnishes another reason for applying this motive power 
to the load. 

President Eliot has enumerated the sources of joy in work as . 
(1) The pleasure of exertion; (2) Achievement, particularly - 
competitive achievement; (3) Codéperation, involving harmony 
and rhythm; (4) Exercise of judgment, intelligence, and skill; 
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(5) Encountering risks, danger, making adventure. These five 
sources may also be the chief sources of pleasure in play. Indeed, 
is it not true that the highest form of work is always done in 
the spirit of play, whether in childhood or in adult life? Child 
study has given us some general hints as to the kinds of activity 
to be expected at the different periods of childhood. Sensory 
and motor activity come earliest. Memory is strong in compari- 
son with reasoning, the latter coming especially at the beginning 
of adolescence. Guessing and imitation come early. Imagina- 
tion makes the real and the fancied equally evident. Children 
play with each other, but as individuals in the first school years. 
The end is activity, nearly pure play. Organization soon becomes 
increasingly possible and the instincts of children grow complex 
and perhaps more intense. Ends become more clearly seen and 
skill becomes desirable. The competition instinct especially 
increases. From ten to twelve years of age habit formation is 
at full tide. Reasoning develops here and the social spirit makes 
the group a better unit with which to work. With the new devel- 
opment come self-consciousness and the end of naive play. 
The time for the formal game is past, now the serious application 
may be made clear. We must use the motive that will work, 
but the ideal forces for the higher grades are group competition 
and the beating of one’s own record. These points are too 
general to be more than suggestive, but it is well to have them 
in mind. 

In making a collection of plays and games with an arithmetical 
aspect, it soon becomes clear that these have usually grown in an 
environment unlike that of the schoolroom, and that they are 
therefore not all adapted to use there; but it is also evident any 
teacher will be glad to make use of outside factors as well as 
of those that appear only in the schoolroom. This emphasizes 
the need of utilizing the play instinct in new ways to fit the 
needs of the case, and is the justification for the brief treatment 
of the characteristics of play in this chapter. 

It was with this problem of adaptation in mind that the follow- 
ing experiment was devised not long ago for pupils in the fifth, 
sixth, and seventh grades of the Horace Mann School in New 
York City. Two ideas governed the plan: that a normal child 
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likes a race and that skill in addition is desirable. A sheet of 
48 addition problems was given each pupil, as suggested by 
Professor Thorndike, seven such sheets nearly exhausting the 
possible combinations of the numbers from one to nine. The 
sheet was placed face down upon the desk and the name and 
date were written upon the back. At a signal the paper was 
turned over and the pupil was given five minutes (in some grades, 
ten) to solve as many problems as possible. The paper was then 
scored, on the sole basis of perfect results. Some credit might 
have been given for speed, but since speed and accuracy are 
found to be directly correlated, it did not seem wise to introduce 
this element. Each pupil was then given a sheet of squared paper 
on which to keep a graph of his progress from day to day. This 
soon became the “temperature chart” of each pupil. Many 
interesting facts developed as the experiment proceeded. The 
teacher found that she had a surprisingly accurate gage of each 
pupil’s ability. This ability varied unexpectedly, in one class 
from four to eight examples done in ten minutes by two differ- 
ent pupils. The variability of some children from day to day 
also became clear. 

The motive proved very strong. The pupil’s effort was to 
beat his own record ; but when, after a few days, the classes were 
averaged, the effort changed to one of competition. The average 
gain was, in room X of the seventh grade, 7 per cent in 25 
minutes’ practice. In room Y of the same grade it was 61 per 
cent in 120 minutes’ practice, and in room Z it was 13 per cent 
in 40 minutes’ practice. In the sixth grade the gain was 25 per 
cent in 40 minutes, and in the fifth grade 75 per cent in 100 
minutes. As would be expected, however, individual pupils 
varied widely from this average. The ten minute period proved 
the best for the experiment. This exercise is practicable for 
any grade above the fourth, and it can be adapted to the other 
arithmetical processes. If done in many schools and the results 
compared, we should have a valuable standard for each process.* 

In the list which follows there are some games which are made 
to serve this arithmetical purpose. The arrangement is alpha- 
betic, and not in order of importance or of natural sequence. 


*In this connection consult the standardized tests in arithmetic prepared 
by S. A. Courtis of the Detroit (Mich.) Home and Day School. 
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The ingenuity of the teacher will enable her to make others of 
similar character which especially fit her needs. 

Around the Circle. The digits are arranged in the form of a 
clock face upon the blackboard. Any number of these digits 
may be used to fit the grade of work. A digit is then placed in 
the center and the numbers are multiplied by it as rapidly as 
possible. If a pointer can be made to swing on a pivot, the 
game may be varied by taking the numbers on which the pointer 
rests. The game can also be varied so as to relate to addition 
and subtraction. 

Backgammon. This well-known game involves both addition 
and multiplication. 

Baseball Percentages. The averages of the teams in the school 
or in the national leagues are always interesting to boys. The 
principle may also be applied to the players’ averages. 

Bean Bag. Each player throws two bean bags at a board in 
which there are holes of different sizes, the count for each being 
different. A better way is to play a group against another group 
having scorers for each side. By making penalty holes, subtrac- 
tion may also be introduced into the game. 

Bird Catcher. A variation of this well-known game is to 
have the children sit in a circle, each taking a number. The 
pupil in the center gives easy examples. When a result is the 
number of any pupil, he holds up his hands. When a number 
already agreed upon is the result, all hold up their hands. 

Blackboard Relay. The class is divided into sections having 
equal numbers. The leader is given a piece of chalk. At the 
word of command he goes to the board and does the example 
assigned to him, returning to the next child when he has finished, 
and so on to the last. Correctness, neatness, and good order may 
be made factors in winning. Any errors in the work may be 
corrected by a succeeding pupil, thus keeping in mind not merely 
the work itself but also the formation of the desired habit. 

Buzz. The members of the class count in turn, that number 
having any multiple of a given number saying “ buzz,” instead 
of his number. Those pupils fall out who miss or who hesitate 
in their answers. 
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” Card games. Card games involving fractions and the funda- 
mental operations with integral numbers have been devised.* 
These are suitable for all grades from the third to the eighth. 

Chromatic Spelling Board. This also has the numbers on it 
and serves the purpose of familiarizing the beginner with the 
numbers and their combinations. 

Climb the Ladder. Draw a ladder on the blackboard. Put a 
combination on each step, letting each pupil climb until he falls. 

Crockinole. This is a game of carroms requiring much skill. 
The number of pieces left on the board, together with their 
position, determines the count.? 

Cross Questions. This familiar game can be played with a 
selected type of arithmetic questions. One half of the class is 
pitted against the other, a pupil leading off with a question for 
the other side. If answered correctly and quickly, the other side 
asks in turn. Children failing drop out, or a score is kept by 
the teacher. 

Dominoes are too familiar to need description. The game is 
especially valuable for making correct and quick calculations. 

Fairy Tale Lotto. The numbers are printed on sections of a 
picture. These are fitted by matching the numbers with those 
on the picture.* 

Flinch. This is a card game which can be played by children 
who know the numbers to fifteen. The directions for playing 
are too long to be included in this list. It is not adapted to school 
use, but has a place in the home. 

Fractions. The teacher has two cards on which are fractions, 
and the children add these fractions in turn. If the answer is 
correct, but is not in its lowest terms, the pupil gets one of the 
fractions ; if it is reduced to lowest terms he gets both. This can 
be applied to other processes. 

Guessing Game. A pupil says: “I am thinking of two num- 
bers of which the sum is ten.” The class guesses until the right 
numbers are obtained. The guesser then asks a similar question. 
Instead of addition the other fundamental operations may be 
used. 


*These games were edited by David Eugene Smith, and are published 
by the Cincinnati Game Co. 

? Schwartz Toy Store, New York. Price $3.75 and $5.00. 

*Schwartz Toy Store, New York. Price $0.70. 
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Hide and Seek. Combinations are placed on the blackboard 
with the different parts missing—as, 14 + 3=(?); 14+(?)=17; 
(?)+3=17; 4X(?)=24. In getting the answer the pupils 
unconsciously repeat the combination and form the desired habit. 
This is a very desirable form of play, and it is characteristic of 
the kind of game which a teacher can make for herself. Instead 
of the symbol (?) it is advantageous to use x, thus giving a 
valuable algebraic form that will be helpful at a later time. 

Hop Scotch. This game is too familiar to need description.‘ 
It has plenty of action, and it familiarizes the pupil with the 
numbers. 

Hull Gull. This is similar to Odd or Even. The child who 
holds out his hand cries, “ Hull gull, hands full, parcel, how 
many.” If three is guessed and the number is five, he says 
“Give me two to make the five.” 

Marbles. This ancient game has many variations all of which 
require counting. Different colors should have different values. 

Morra. This is a very old Roman game and is played with 
great enthusiasm by Italians, old and young. The group stands 
or sits in a circle. Each extends, at a given word, all or any 
number of his fingers. An immediate estimate is made as to 
the total number. All are then added to see who is nearest right. 
This can be easily adapted to the class-room. 

Multiplication Lotto.’ This is a familiar game to be found 
in any large toy store. 

Nimble Squirrel. “ There was a tree and fifty branches. A 
squirrel started on the first branch, jumped up three branches, 
came half way down, went three times as high, fell half way, 
Saw a dog, etc. Where is he?” 

Odd or Even—a game for two. Each takes a given number 
of marbles or beans. One places his hands behind his back, 
arranges the objects as he likes, then stretches out his hand 
and says “ Odd or Even.” If the guesser is correct, he is given 
a marble, if wrong he pays, the other saying, “ Give me one to 
make it odd” (or “even,” as the case may be). This can be 
played with a time limit. The members of the class may be 


arranged in pairs and the results added at the end of the time. 


*See Johnson, p. 113, mentioned in the bibliography on p. 14. 
* Schwartz Toy Store, New York. Price $0.40, $0.50, and $1.50. 
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Peggy (also called Trap Bull and Tip Cat). This is an out- 
of-door game. The “ peggy” is a piece of wood three or four 
inches in length and sharpened at each end. Each player has 
a bat with which he hits the end of the peggy as it lies on the 
ground. This flies into the air and he hits it again. He then 
estimates the distance in bat lengths. If this proves to be over, 
he gets no credit. This is valuable for estimating distances.*® 

Railroad Train. The children play that each is a train, except 
the last child, who is the destination. Each has a number com- 
bination to perform, and each tries to be as fast a train as 
possible. 

Ring Toss. Rings of different colors and sizes are thrown 
at a standard. The rings have different values and those that 
encircle the standard are added for the score. 

Roll the Hoop. Draw a wheel on the board, or use an actual 
wheel. Place number combinations for spokes, and, by stating 
the results in order, play that you make the wheel “turn” as 
fast as you can. 

Shuffle Board is the well-known ship game. It requires ten 
or more wooden discs about one inch thick and about six inches 
in diameter. These are shoved with a stick that is broad at 
one end into a space chalked out upon the floor. This space 
is subdivided, each small division having a different value. The 
players shoot alternately, the score being determined by the discs 
that remain on the counting spaces at the end of the round. 
Penalty areas may be made. It is interesting to note that the 
standard way of writing the numbers is in the form of the 
Magic Square. 

Simon Says “Thumbs Up.” One pupil acts as the leader. 
Each of the other players is numbered and takes the position 
of thumbs up. The leader says “ Simon says 15.” The thumbs 
of 3 and 5 (the factors) must go down. “Simon says 12” 
2, 3, 4, and 6 must go down. A penalty may be given for 
failure.” 

Standards, Select a standard of speed, say two seconds for 
each figure written, and see how many reach it or beat it. 


* Johnson, p. 173. 
‘Miss Martin, Teachers College Record, January, 1909. 
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Tag. Every child is given a number. One child is named 
as the leader. He gives orally any number below a designated 
number. All pupils having numbers which are factors of the 
given number must change seats. They must be tagged while 
running or if they fail to run.® 

Ten Pins is an old game useful in counting and for addition. 

Teetotums is an old game played with a dial which is spun 
with the finger, its first resting point giving the score. This 
can be played in pairs, each of the two pupils belonging to a 
“side.” The numbers may be either added or multiplied, and 
finally all the results of the various pairs may be added to see 
which side wins. 

Top Game. A top is spun on a board. This knocks down 
certain numbers, and these are added for the score. 

Top Game. Tops are spun on a board in which are numbered 
holes. The numbers in which the tops stop are multiplied for 
the score. 

Tivoli. A marble is shot at a numbered man. The marble 
rolls back into a numbered hole. The numbers are multiplied 
for the score.® 

This list of games is not a long one. Some of those given 
are not practicable for schoolroom use, but they will serve to 
show what can be done, and in time a better and larger list will 
be evolved. Of course the use of these games should not inter- 
fere with schoolroom practice so as to cause a waste of time. 
A game may be played with freedom and still have perfect order. 
The standard for judging the value of such play must be: does it 
assist in teaching an arithmetical end with economy of time and 
effort? Play often clears the atmosphere before or after hard 
work. 

The following grouping of games makes us realize first of all 
the inadequacy of the list of games for class-room purposes ; but 
arithmetical training is not confined to the class-room and a 
game in the freer play of the home or out of doors is just as 
effective for securing our ends. The hope is that, with the 


*Miss Martin, Teachers College Record, January, 1909. 
‘aun - three games may be purchased at the Schwartz Toy Store, 
ew Yor 
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suggestive list of games and the arithmetical end in view, 
teachers will invent or adapt such as will suit their needs. 

Grade I. Bean bag, hop scotch, marbles, dice, odd or even, 
morra, chromatic spelling board, ten pins, guessing, nimble 
squirrel, ring toss. 

Grade II. Bean bag, odd or even, hop scotch, morra, hull 
gull, guessing, marbles, nimble squirrel, dominoes, teetotums, 
checkered game of life, parchesi, flinch, hide and seek, climb 
the ladder, blackboard relay, bird catcher. Easy problems can 
be given as puzzles. 

Grade III. Morra, hull gull, dominoes, nimble squirrel, teeto- 
tum games, hop scotch, flinch, hide and seek, climb the ladder, 
blackboard relay, bird catcher, guessing, peggy, shuffle board, 
crockinole, lotto, store, Simon says thumbs up, tag, buzz, around 
the circle, roll the hoop, railroad train, properties of table of 
nines, other odd properties of numbers and easy puzzles. 

Grade IV. Morra, dominoes, teetotum games, peggy, 
moneta, lotto (both games), flinch, shuffle board, Simon says 
thumbs up, tag, arithmetic standards, hide and seek, guessing, 
climb the ladder, roll the hoop, railroad train, blackboard relay, 
cross questions, magic squares, selections from number curi- 
osities, tests of divisibility and easy puzzles. 

Grade V. Dominoes, teetotum games, morra, peggy, lotto, 
flinch, shuffle board, Simon says thumbs up, tag, arithmetic 
standards, hide and seek, buzz, blackboard relay, cross questions, 
magic squares, fractions and other card games, selections from 
number curiosities, and easy puzzles. 

Grade VI. Dominoes, teetotum games, peggy, fractions, 
backgammon, lotto, flinch, crockinole, arithmetic standards, 
cross questions, number curiosities, puzzles; group contests and 
“beating your own record” being constantly used as a motive. 

Grade VII, Games already mentioned as far as possible, but 
with growing emphasis upon the group games; puzzles and num- 
ber curiosities being continued with some emphasis on rational- 
izing the latter. 

Grade VIII. Continuation of the grade VII program. The 
object of the game in this grade should be explained as an effort 
to obtain skill, and the rationalizing of puzzles and number curi- 
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osities should be an object. The formal game gives place to 
the exercise invented by the teacher to secure habits of accuracy 
and speed in the processes. 

The following is a selected bibliography : 


Play, general psychology and child study. 

Groos, Kart. The Play of Man. New York, D. Appleton & Co., 1901. 

Guuicx, L. H. Psychological, Pedagogical and Religious Aspects of 
Group Games. Pedagogical Seminary, Vol. VI, p. 135-151. 

TuornpikeE, E. L. Elements of Psychology. New York, Seiler, 1907. 

Kirkpatrick, E. A. Fundamentals of Child Study. New York, Mac- 
millan Co., 1903. 

Jounson, G. E. Education by Plays and Games. Boston, Ginn and 
Co., 1907. 

Of these Johnson and Kirkpatrick are most valuable. The former 

contains a digest of the general discussion on play, and a large num- 
ber of games that are graded and divided according to subjects. 


Collections of Games. 

Bancrort, Jesse H. Rules for Games. American Sports Publishing 
Co., 1903. 

Bancrort, Jessie H. Games for the Playground, Home, School, and 
Gymnasium. New York, Macmillan Co. This book has an excellent 
introduction and a large and well classified list of games. 

Benson, J. J. The Book of Indoor Games. Philadelphia, J. B. Lippin- 
cott Co., 1904. 

Nucent, MerepirH. New Games and Amusements. New York, Double- 
day, Page & Co. Cf. Johnson for additional bibliography. 


Mathematical Recreations. 


Waite, Wiiu1Am F. A Scrap Book of Elementary Mathematics. Chi- 
cago, Open Court Publishing Co., 1908. This is a readable but not 
a scholarly book. It was written in the right spirit of play. 

Batt, W. W. R. Mathematical Recreations and Problems. New York, 
Macmillan Co., 1896. This is the standard work in English. The 
French edition is even better. 

Scuusert, H. Mathematical Essays and Recreations. Chicago, Open 
Court Publishing Co., 1808. 

Ozanam. Recréation Mathématique. Paris, 1790. This well-known 
work went through several editions. 

Fourrey. Recréation Mathématique. Paris, 1901. 

Vrinot, Recréation Mathématique. Paris, n. d. 

WEntTWwortH and SmitH. Complete Arithmetic, Part II, p. 216. Bos- 
ton, Ginn & Co., 1909. 

Situ, Davin Eucene. The Teaching of Arithmetic. Teachers Col- 
lege. Fifth edition, 1912. 

Guersi, I. 500 Giuocchi. Milan, 1900. 
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CHAPTER II 


MATHEMATICAL GAMES— ADAPTATIONS FROM 
GAMES OLD AND NEW 


Florence James Flynn 


Among the games which have served to amuse people for 
generations past are several which have considerable value as 
arithmetical drill. It is the purpose of this chapter to give a 
description of certain of these games that seem adapted to the 
use of school children. Most of them may be varied in difficulty 
to correspond to the ability of the player, and the best proof 
that interest will be aroused is found in the fact that they have 
retained, for so long, their position in the child life of the race. 

The materials necessary in most cases are merely sets of cards 
numbered consecutively from one to thirteen, although, of 
course, ordinary playing cards can be used if desired. The 
number of sets required depends upon the number of players. 
In general, four sets are sufficient for a group of six or less, 
and it will readily be seen that this number is suggested by the 
ordinary pack of playing cards. 

It is quite possible for the pupils to make their own cards. It 
requires uniform rectangles of light cardboard, glazed if possi- 
ble, of a size convenient for handling, and numbered either with 
written numerals in the center of each card or with numerals 
cut from a calendar and pasted on. 

If it is possible to buy cards for these games, the “ Addition 
and Subtraction Game” is the best to purchase.t. There is a 
set of excellent games for which these are devised. By taking 
out the cards numbered above thirteen, two sets may be used 
for the games given here. 

Ten sets of cards numbered from one to fifteen are used in 


*“ Addition and Subtraction,” a game edited by David Eugene Smith. 
Price $0.25. Cincinnati Game Co., Cincinnati, Ohio. 
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the game of “ Flinch,’* and although the game itself is of no 
importance as drill in arithmetic, the cards may be used for 
number games. 

Multiplication 

In playing this game it is desirable to use four sets of thirteens 
for four to six players. Shuffle the cards thoroughly and spread 
the pack face downward on the table. The first player draws 
three cards and keeps the highest, discarding the other two cards. 
The same player draws again, taking two cards, and discards 
the lower. On the third draw only one card is taken. The 
first two cards retained are added and the sum multiplied by the 
third card, the result being scored by the player. Each player 
proceeds in turn in the same manner. The cards discarded by 
each player are not returned to the pack. When all the cards 
are exhausted, the scores of the players are added; the one 
having the highest score wins. 

An interesting variation of this game is to score the product 
of all three cards retained at each play. When the game is 
played by a group of younger children, all the numbers retained 
at each play may be added. 


Sequence 


In this game we use four sets of thirteens for four to six 
players, as in the preceding case. Shuffle the cards thoroughly 
and spread the pack face downward on the table. The object 
of the game is to obtain a sequence of cards numbered from 
one to thirteen. 

Each player in turn draws three cards, discarding all those 
which are not next in order in the sequence he is building. For 
example, the first player draws a one, two, and five; he retains 
the one and two and discards the five; if, at his next turn, he 
draws three, six, and seven, he retains the three, discarding the 
other cards. 

It is permissible to add the numbers on two cards, thus con- 
sidering them as one for the purpose of making the sequence. 
For example, if five is needed in a player’s sequence and he 
draws the numbers three, two, and six, he may combine the 


*“Plinch.” Price $0.39. Flinch Game Co., Kalamazoo, Michigan. 


| = 


401] Number Games and Number Rhymes 17 


three and two to make five, retaining the three cards drawn and 
considering them as representing five and six in his sequence. 


Thirty-one 

As in the preceding games, we use four sets of thirteens for 
four to six players. Three cards are dealt to each player and 
three face upward on the table, one at a time. 

The object of the game is to hold three cards that together add 
to thirty-one. The one holding cards that add up the nearest 
to thirty-one, scores one point. The one whose cards add up to 
exactly thirty-one, scores two points. The player having the 
highest score, when the cards are exhausted, wins, unless the score 
necessary to win has been previously decided upon. 

The game is played as follows: Each player in turn, begin- 
ning with the one on the left of the dealer, takes up a card from 
the table, substituting one from his own hand in its place. The 
play continues until one player announces that he is “ content,” 
that is, he thinks he will be unable to obtain cards which will 
add up more nearly to thirty-one than those he holds. Each of 
the other players is privileged to exchange one more card with 
the board, after a player has announced himself “ content.” 
All hands are then exposed, face upward on the table. The 
player whose cards add up the nearest to thirty-one scores. All 
the cards that have been used are laid aside, and the dealer deals 
from the remainder of the pack as before. The play continues 
until the cards are exhausted, when the one having the highest 
score wins. 

Any number as twenty-one, twenty-eight, or seventeen may 
be taken as the required number instead of thirty-one. A varia- 
tion, in the case of twenty-one, is given in the next game to be 
described. 


Twenty-one 
A card game of some interest, adapted from a well-known 
French game, requires four sets of cards numbered from one 
to eight for from four to six players. The cards are shuffled 
thoroughly and are then spread face downward on the table. 
The object of the game is to hold cards that add up to twenty- 
one. One point is scored for the player who holds cards whose 
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sum is the nearest to twenty-one and two points are scored for 
the one whose cards add to exactly twenty-one. No score is 
allowed for a number in excess of twenty-one. The game may 
be decided by the highest score made, or by five, ten, or any 
other number previously decided upon. 

Each player draws in turn. When all have drawn as many 
cards as they wish, the hands are laid face upward on the table 
and are counted. Anyone announcing a wrong sum forfeits a 
point. When the cards are exhausted, they are re-dealt in case 
the game is being played for a definite number of points. 


Building Game 

This game requires four sets of thirteens for two, three, or 
four players. The cards are dealt two at a time to each player 
except the dealer, and two to the table, after which two are 
dealt to the dealer. This order is then repeated once, so that 
each player has four cards and four cards lie, face upward, on 
the table. 

After the cards given to each player have been played, the 
dealer deals four more cards to each, in the same manner as 
before, except that no cards are given to the table. This method 
of dealing continues until all the cards are exhausted. 

The object of the game is to obtain: 

1. A majority of the cards, for which the holder scores 2 points. 
2. Cards whose sum is the highest, scoring........... 5 points. 
3. Four cards bearing the number 1 (four aces), for 

4. A sweep of all the cards on the table, each sweep 


The player on the left of the dealer plays first. Each plays 
in turn until the four cards are exhausted, when the dealer 
deals another set of four cards to each. A player has the fol- 
lowing possible methods of play: 

1. Pairing. If a card in the player’s hand matches a card on 
the table the player places the card from his hand on the latter 
and takes both cards, laying them face downward on the table 
in front of him to be counted to his score at the end of the deal. 

2. Combining. If the sum of the numbers on two or more 
cards on the table equals a number on a card in his hand, the 
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player may collect such cards on the table, announce their sum, 
place the card from his hand upon these cards and take all the 
pile to add to his winnings. For example, if the player has a 
ten in his hand and there are a three and a seven on the table he 
may collect the three and the seven, place the ten from his hand 
upon them, and, announcing “three and seven are. ten,” may 
take all three cards. If there is any other combination making 
ten, such as six and four, or if there is a ten itself on the table, 
he may gather as many such combinations as there are and take 
them all with the ten from his hand. In the same way, any other 
combination of numbers may be made and taken by the card 
representing their sum. 

3. Building. If a player has a card in his hand which with 
any card or cards on the table will make a number represented 
by another card in his hand, he may collect the cards on the table, 
place upon them the smaller card from his hand and announce 
the number to which he is building. He must then wait until 
the next turn to take the ‘ build’ so made, subject to certain 
possible interferences described next. 

4. Raising a Build. It is permissible for a player to raise a 
build made by a previous player, in one of two ways: first, a 
player may increase the amount of the build by adding another 
card from the table and take the build immediately with a card 
from his hand, or, second, a player may take a card from his 
hand to raise a build, in which case he must wait for another 
turn before taking the build. 

The only way a build can be protected from being raised is to 
place two builds to the same denomination, one upon the other. 
Thus, a build to sevens consisting of a two and a five and also 
a four and a three, or a build to sevens composed of a four and 
a three and also a seven, or one consisting of two sevens, could 
not be raised. 

A player who has made a build must either take it when his 
turn comes again, providing no one else has taken it, or he must 
add to his own build, or start another build or take a pair. He 
is not privileged to lay a card down on the table when he has a 
build to take. 

When a player can neither pair, combine, build, or raise a 
build, he must place a card face up on the table. 
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“* Sweeps ” are made when a player is able to take all the cards 
on the table. The Sweeps are scored by turning face up, in the 
pile of winnings, the card that made the Sweep. 

The player taking the last trick in the last hand wins all the 
cards left on the table. 

After all the cards are played, each player counts his cards. 
Then each player, in turn, adds the numbers on’ his cards, while 
the others watch to correct mistakes and to demand a forfeit 
of one point from the score for each mistake. The one-cards 
and sweeps are then counted. The total amount of each play- 
er’s winnings is added to his score. 

The game is complete in a single deal, unless some definite 
number of points, such as twenty-one, or thirty-one, has been 
decided upon previously. (This game is nearly identical with 
the card game of Casino.) 


Fifteens 

This is a two-handed game, although three or four can play, 
and four sets of thirteen cards are used. Six cards are dealt to 
each player, one at a time. Each player then discards two cards 
face downward in the center of the table. The top card of the 
unused part of the pack is turned face up and the number of the 
card starts the counting. 

The object of the game is to hold (1) combinations of cards 
which will add up to fifteen, (2) cards of the same denomination, 
and (3) sequences. 


Three cards of the same denomination, forming 3 
6 points. 
Four cards of same denomination, forming 6 pairs, 


Sequences count the same number of points as there 

are cards in the sequence. One, two, and three count 3 points. 
One, one, two, and three count for two sequences of 

A sequence of high numbers counts the same as a 

sequence of low ones. 
Any combination of numbers which makes fifteen 


For example, a hand containing ten, ten, two, and three counts 
4 points for two fifteens and 2 points for a pair, 6 in all. 
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A hand containing eight, seven, eight, seven, counts 8 points 
for the four combinations of fifteen and 4 points for the two 
pairs, 12 points in all. All the possibilities of counting must be 
taken into consideration when making the discard. 

The game is played as follows: 


Each player, having discarded two cards which are lying in 
the center of the table, holds four cards. A card is turned up 
on the pile of unused cards. The non-dealer lays down a card 
face up in front of him and announces its sum, when added to 
the card turned up on the pack. 

If the player has a card which will make the sum fifteen, he 
plays it and scores two points. If he can make a pair, he does 
so and scores two points. If he can not play so as to score, he 
plans to play such a card as will give him the best opportunity 
to count thirty-one or the nearest to thirty-one on a later play. 

The player who plays a card that brings the count to exactly 
thirty-one, called game, scores two points. 

The player who plays the card that approaches nearest to 
thirty-one in the count scores for the last card, one point. It 
is required that the count be brought as near to thirty-one as 
possible, before a new count is begun. One player may be 
obliged to play several cards in succession in order to bring the 
count up to nearly thirty-one. For example, if the count is 
twenty-five and one player holds a nine and a ten and the other 
a two and a three, the first player cannot play but the second 
plays the two and the three, both making the count thirty, and 
scores one for “last.” The second player plays and counts 
“nine, nineteen, and one point for last card.” 

When all four cards have been played, the non-dealer takes up 
his cards which he placed in front of him as he was playing, 
and lays them in a row face up on the table. He counts aloud 
naming first the combination and then the points to be scored for 
it, naming fifteens, pairs, and sequences as they occur. For ex- 
ample, a hand containing eight, eight, seven, and six is counted, 
“ fifteen-2, fifteen-4, a pair-6, two sequences of three-12.” The 
points scored for the final count of the hand are 12. 

The dealer counts his hand in the same way. The dealer 
counts the four cards of the discard in the same manner and 
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adds these points to his score. The deal alternates and each in 
turn has this advantage of claiming the points counted in the 
discard. The non-dealer takes into account the fact that his dis- 
card will be used to score for his opponent and does not dis- 
card cards which are valuable in forming combinations. 

Sixty-one points constitute a game. The one who first scores 
this number wins the game, no matter at what stage a hand may 
be. A different discard is often made when the game is nearly 
ended, for scoring during the play is of more value than scoring 
in the final count of the hand. (This is identical with the card 
game of Cribbage except that the counts based on the suits such 
as a “ Flush” are not included.) 


Solitaire Games 


The games in this group were intended originally for a single 
player and still are played independently. The games are much 
more interesting when several play at the same time and com- 
pete with one another. It is desirable that they be so used for 
arithmetical drill. 

Take Fourteen 


This game requires the use of four sets of thirteens for each 
player. The dealer shuffles the cards thoroughly, and then deals 
. them into twelve piles face upward, placing a card on each pile 
in succession. When all the cards are dealt, the first four piles 
will contain five cards each, and the others four cards each. 

The object of the game is to clear the table of cards. 

When two or more are playing at the same time, the game is 
won by the one who scores the largest amount in a given number 
of deals. One point is scored for each combination of fourteen 


that is made. 
The game is played by removing any exposed cards that 


are removed or until no more such combinations can be made. 


) together add up to fourteen. This is continued until all the cards 
. 
A variation of this game is to remove numbers which multi- 


plied together make sixty. Still another is to remove numbers ; 
which add to twenty-one. This is adapted from the card game 
of the same name. 
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Number Eleven 


In this game four sets of elevens are needed for each player. 

Deal six cards in a row on the table, face upward, and beneath 
them five in a row. 

Remove any cards which will add to eleven and fill the vacant 
places from the pack. 

For a single player, the object is to dispose of all the cards. 

When there is more than one player, the object is to score 
the greatest number of points in a given number of deals. A 
point is scored for each eleven removed. (This game is adapted 
from the usual card game “ Eleven.”) 


Take Ten 

Four sets of thirteens are used for each player. The dealer 
places thirteen cards face upward in three rows, two rows of 
five cards each and one of three cards. The players in turn 
remove any cards which together add up to ten and the dealer 
replaces them with cards from the pack. The cards ten, eleven, 
twelve, and thirteen can be removed only when all four are 
exposed at the same time. 

The object of the game for one player is to remove all the 
cards. For two or more players the object is to score the most 
points in a given number of deals. (This is adapted from the 
card game of “ Take Ten.”) 


Tit-Tat-To 

This game requires only one sequence of cards from one to 
nine. The cards are shuffled thoroughly and placed in three 
rows of three each, face up. 

The game is to arrange the cards so that the sum of each row, 
horizontal, perpendicular, and diagonal, is fifteen. (It is, of 
course, identical with the card game of Tit-Tat-To, and simply 
builds up a Magic Square.) 


Magic Seven 
In this game four sets of thirteens are needed. The cards are 
dealt one at a time face upward upon the table, the numbers 


. 
be 
: 


24 Teachers College Record [408 


of the cards being added as the deal goes on. When seven or 
any multiple of seven is reached, all the cards which form the 
number are discarded. 

It is permissible not only to add the cards in the order in 
which they are dealt, but also to add in reverse order and to 
discard accordingly. For example, if five, eight, two, and five 
have been dealt the sum is twenty and hence no multiple of 
seven; but adding in reverse order five and two make seven, 
hence the five and two can be discarded. 

The game consists in removing all the cards from the table. 
If more than one plays, the one having the fewest cards left 
wins. (This is adapted from the card game of Magic Sevens.) 


Magic Sixes 
This game is played like the preceding one, only that four 
sets of elevens are used. 


Rejected Numbers 

This game requires four sets of thirteens for each player. 
The object of the game is to hold as few cards as possible at 
the end. The cards are thoroughly shuffled, and are then divided 
into two approximately even parts. One part is laid aside, and 
from the other part all cards whose sum equals a number decided 
upon in advance are discarded, the number being, for example, 
twenty-four, thirty-six, or seventeen. 

The dealer then shuffles together the unused part and the 
cards not discarded from the used part, and divides them into 
halves as before, after which the discard proceeds again as 
before. 

After a third shuffle and division into halves, with the discard 
as before, the number of cards that are left counts against the 
player’s score. 

The one having the fewest cards left after the three discards 
is the winner. (This is adapted from the card game of “ Re- 
jected Hearts.’’) 


Rejected Factors 


This game is played in the same way as “ Rejected Numbers ” 
except that numbers are discarded which multiplied together 
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make a given number, as sixty. It is permissible to add together 
two or more cards to make a factor. When the game is finished, 
each person must verify his discards by announcing them orally 
while going over them. 
Ninety-one 
In this game four sets of thirteens are required for each 
player. The cards are dealt face up into thirteen piles of four 
cards each. The object of the game is so to rearrange the 
cards that the numbers exposed on all the piles shall add up 
to ninety-one, this being the sum of the numbers in the sequence 
one to thirteen. It is permissible to remove the top card from 
any pack to any other pack. (This is identical with the card 
game of Ninety-one.) 
Old Maid 


Four sets of thirteens are needed for four, five, or six players. 
The game is played like the ordinary card game of old maid, 
except that it is permissible to pair a number with two or more 
numbers which added together make its equal. The Old Maid 
is the one who holds the cards having the largest sum when all 
possible pairs have been made. 


Dominoes 


Among the many games that can be played with dominoes, the 
ones called “ All-Fives” and “ All-Threes ” are the most simple, 
and they are exceptional in the amount of drill afforded in mul- 
tiplication and division as well as addition. The general method 
of play in domino games is too well known to need description. 
Any encyclopedia gives the general directions. The games of 
“ All-Fives ” and “ All-Threes” differ from the other games in 
that points are scored during the game. 

In the “ All-Fives” game, points are scored for playing a 
domino which makes the sum of the ends of the domino line a 
multiple of five. For example, if the ends are six and four, the 
player scores 2 because two times five are ten. Doubles are 
played cross-wise and hence are counted double, that is, double 
six counts twelve. 

“ All-Threes ” is identical with “ All-Fives ” except that mul- 
tiples of three score. 
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Variations of this game may be made by selecting any other 
number for the basis of scoring. The domino sets numbering to 
double nines are the more desirable. 

A variation in the rules which allows dominoes to be matched 
to all four sides of each double, increases the number of possible 
plays and gives drill in the handling of larger numbers. 

The player who plays out all of his dominoes first scores the 
sum of the dominoes held by the other players, counting the 
nearest multiple of the number selected as the basis of the 
scoring. 


Parchesi 

This game and numerous others of its type may be varied to 
give more mathematical drill without destroying any of the inter- 
est. For example, the men may be advanced by the product of 
the dice numbers thrown, rather than by their sum. 

It is well to make the rule that when a man approaches a home, 
if too large a number is thrown to send him home, the man must 
count out all the numbers by counting in reverse order when the 
home is reached. For example, if seven is required to send a 
man home and twelve is the product of the throw, the man counts 
seven to the home and then back five stations, where he stays 
until the next play. 


Buzz 


In this game each player counts in turn a number in the 
sequence from one to a hundred, with the exception that seven 
and each of its multiples are replaced by the word “ Buzz.” 
A player who makes a mistake drops out of the game. The regu- 
lation that numbers in which seven is pronounced (as seven- 
teen, twenty-seven and the others in which seven is not a mul- 
tiple) should be replaced by “‘ Buzz,” is a poor one and should 
be abandoned. 

To vary this game and make it of more value, substitute for 
the word “ Buzz” the names of two or more numbers when their 
multiples are reached. For example, replace the multiples of six 
and eight by the words “sixes” and “eights” respectively. 
The limit of the counting may be one hundred forty-four when 
larger numbers are chosen. 

The game is prolonged if made to require three points, a point 
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being scored by each one who counts to the limit, a plan that also 
adds materially to the interest, since it gives a player more than 
one chance to win. 
Jack-Stones 

A set of numbers to be played with jack-stones is arranged as 
follows: 

Toss one jack from the palm, saying “two,” and catch it on 
the back of the hand. Then toss it from the back of the hand, 


saying “ four,” and catch it on the palm. Continue until twenty- 
four is reached. 


Count by threes with the same movement of the jack until 
thirty-six is reached. 


Count in the same manner by fours, fives, etc., up to and 
including twelves. 

The same rule prevails as in an ordinary game of Jack-Stones. 
If a player fails either in catching the jack or in counting cor- 
rectly, he loses his turn. When his turn comes again, he must 
start at the figure on which he failed. The player wins who 
completes the set of numbers first. 


Bouncing Ball 
The formula used in the preceding game may be used in bounc- 
ing a ball. The ball either may be caught each time it bounces, 
or may be returned. 
Factors 


- A large number is given, from which to find as many factors 
as possible in a given time. For example, seven hundred twenty 
or three hundred sixty may be given and the time limited to five 
minutes. The one finding the largest numbers of factors wins. 
The winner reads his list aloud, and anyone who discovers a 
mistake adds one to his score, while the reader loses one from 
his. 


Number Building 


For four, five, or six players, prepare four sets of small card- 
board squares on which are written the numbers used in the 
multiplication tables. 

The numbered squares are placed in the center of the table, 
face downward. Each player draws a square and the one with 
the lowest number leads. The leader draws a number and 
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places it face upward in front of him. The next player does 
likewise, and this is continued until someone draws a number 
which is the product of two other numbers in sight. The player 
who has drawn this number, takes all three numbers and places 
them in a pile with the product number on top. The play con- 
| tinues until a player has ten different products. (This is adapted 
from the word game of “ Logomachy.”) 


Lawyer 
In this game the leader is called Lawyer. The players are 
seated in two rows facing each other, those seated opposite one 
another being partners. The Lawyer then asks a series of ques- 
yt tions in mental arithmetic. 
The game is played as follows: The Lawyer asks a question 
of a player and the player’s partner answers immediately in the 
same form as if the question were addressed to him. For ex- 
ample, the Lawyer asks “ Can you tell me how much five times 
eight are?” and the partner of the one questioned must answer 
\ without hesitation, “ Yes, I can tell you that five times eight are 
a forty.” If the one addressed answers, he becomes the Lawyer. 
If the partner makes a mistake in his answer, he becomes the 
i Lawyer. In case both make mistakes, the Lawyer decides who 
| is to take his place. (This is adapted from the parlor game of 
the same name.) 
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CHAPTER III 


RITHMOMACHIA, THE GREAT MEDIEVAL NUMBER 
GAME? 
David Eugene Smith and Clara C. Eaton 


When the subject of number games shall be adequately treated, 
and the long and interesting story comes to be told of how the 
world has learned to handle the smaller numbers quite as much 
through play as through commerce, the climax will probably be 
found in the chapter relating to the Battle of Numbers, the Rith- 
momachia of the Middle Ages. For here was a tournament 
worthy of intellectual foes, a play that outranked chess as much 
as chess surpasses mere dicing, and a game that was by its very 
nature closed to all save selected minds that had been trained in 
the Boethian arithmetic, the Latinized Nicomachus, the last great 
effort in the Pythagorean philosophy of numbers. The game is 
not one for immature minds, however, either adult or youthful, 
and those who seek merely food for children’s minds should 
dismiss this chapter at once. 

But when the story of Rithmomachia comes to be told, the one 
who relates it will have no easy task, and the object of this paper 
is rather to set forth the problem than to solve it. For although 
we have manuscripts of three writers of the eleventh century, 
two of the twelfth, one of the thirteenth, and Bradwardin’s work 
of the fourteenth,? and although we have several printed trea- 


* Reprinted, with a few modifications, from the American Mathematical 
Monthly, April, 1911, with the permission of the editors. 

*There is a twelfth century manuscript of Hermannus Contractus 
(1013-1054) at Paris, and others of later date in various libraries. Wap- 
pler has published this, and also a treatise by Asilo (before 1077), with 
part of an anonymous one of the twelfth century. Odo also wrote on the 
subject in the eleventh century. Peiper has editea Fortolfus’s work of 
the twelfth century. Several other manuscripts are known. Consult 
Wappler, in the Zeitschrift fiir Mathematik und Physik, Vol. 37, p. 1 
(1892), and Peiper in the Abhandlungen, Vol. 3 (1880). 
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tises on the subject,? we know practically nothing of the origin 
of the game. We only know that the medieval writers attributed 
it to Pythagoras, that no trace of it has been discovered in 
Greek literature, and that no mention of it has been found before 
the time of Hermannus Contractus (1013-1054). The name, 
which appears in a variety of forms,* points to a Greek origin, 
the more so because Greek was little known at the time when the 
game first appears in literature. Based as it is upon the Greek 
theory of numbers,’ appearing as it does with a Greek name, 
necessarily a game known to but few and one that would naturally 
pass from the élite to the élite, attracting no attention from the 
populace, it is easy to feel that the origin of the game is to be 
sought in the Greek civilization, and perhaps in the later schools 
of Byzantium or Alexandria. The very fact that a game so well 
known as to justify printed treatises in Latin, French, Italian, 
and German, in the sixteenth century, and to have public adver- 
tisements of the sale of the board and pieces under the shadow 
of the old Sorbonne,® and that this game has been forgotten for 
upwards of three centuries of modern civilization, shows how 
easily it might have left no record during the period which we 
so truly designate as the dark ages. Furthermore the early manu- 
scripts are so obscure and condensed as to show that they pre- 
supposed a knowledge of the game, merely summarizing some of 
the more difficult rules to be followed, so that it would seem a 
proper conjecture that scholars were transmitting it by word of 
mouth, only recording now and then a few directions that were 
not so easily retained in the memory. 

The game was played on a board resembling the one used for 
chess or checkers, with eight squares on the shorter side, but 
with sixteen on the longer side. The forms used for the pieces 


were triangles, squares, circles, and pyramids, and the pieces were 


*We have made free use of the brief description given by Jacobus 
Faber Stapulensis (1496), possibly from Shirewood’s manuscript, and the 
works of Boissiére (French edition 1554, Latin edition 1556) and Barozzi 
(1572). Abraham Riese (1562) published Asilo’s manuscript. 

“Correctly, Rithmomachia, but also in such incorrect forms as Ryth- 
momachia (Battle of Rhythms), Rithmimachia, Rythmimachia, etc. 

* That is, upon the Arithmetica as distinguished from the Logistice, 
the former being the theory and the latter the practice of numbers. 

*One of the editions of Boissiére advertises the sale of this material at 
the shop of “ John the Gentile.” 
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set as is shown in the illustration (Fig. 1) here given from 
Boissiére. In this setting the white pieces are numbered in the 
same way as the black pieces in the work by Jacobus Faber 
Stapulensis, so that the color had no significance. The names 
of the pieces and their position before the opening of the game 
are shown in Fig. 2, the lower ones being called the Evens (start- 
ing from the even numbers 2, 4, 6, 8), and the upper ones being 
called the Odds. The dots placed below the numbers serve to 
mark the bottom of the piece, so that 6 shall not be confused 
with 9, 81 with 18, etc. 

The first row on each side (Fig. 2) is made of the odd and 
even numbers, respectively, unity being admitted as not a number 
“sed fons et origo numerorum.” ‘The second row is made up 
of the squares of the first. The sum of the two rows gives the 
first row of triangles. The second row of triangles is formed 
from the first one by means of a relation known as superparticu- 
laris ; that is, a number in the second row is found by joining the 
corresponding number in the first row to an aliquot part of it 
determined by the number in the first circle at the top. For 
example, 81 is obtained from 72 by adding 4 of 72, 8 being 
the number in the circle at the top of that column. Similarly, 
42 = 36+ 4 of 36, 20=16+} of 16, and 6=4+43 of 4. The 
ratios of the aliquot parts added, to the numbers at the top, are 
therefore § (sesquialtera), } (sesquiquarta), etc. The relation 
of the lower triangles of each side to the lower circles of the 
other side does not seem to have been noticed. The first row of 
squares is formed by adding the respective triangles (9 + 6= 15, 
25 +20= 45, etc.), but one square on each side (91 for the 
Evens, and 190 for the Odds) is replaced by a pyramid. These 
pyramids are formed by superposing squares (thin prisms), and 
are used to call attention to the peculiar construction of the num- 
bers which they represent. Thus 91 = 6? + 5? + 4? + 37+ 27 +1, 
and 190 = 8? + 77+ 67+ 5*+ Since the former contained 
the squares of all numbers from 1 to 6, it was called a perfect 
pyramid, but since the latter lacked 3?+ 27+ 1? it was known 
as tricurta (thrice curtailed). 

The lower row of squares is obtained from the upper one 
by a formula somewhat like the one used in obtaining the 


[416 


| 
| 
| 
| 
| 
| | 
4 
| 
| j 
| 


417] 


Number Games and Number Rhymes 


git 


15 


AN 


25 5 


FIG. 2. THE SETTING OF THE PIECES 
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lower row of triangles. In the case of the squares, if we 
call the number in the circle at the top , and the number in 
the upper square s, then the number in the lower square is 
Thus -15=t-15 = 45= 
n+I1 2+1 4+1 
%-45=81, and soon. The ratio between 25 and 15, 3, is one 
of the superpartientes, namely, the superbipartientes (surpass- 
ing by two parts). It should be said, however, that other rules 
are given for the derivation of these numbers, and that there are 
slight variations in the pieces, but these have no significance. 

The pieces are now arranged for the opening of the play in 
the manner shown in Fig. 1. The players move the pieces in 
turn, as in chess. A circle moves one space, a triangle three, 
and a square four. The game consists in capturing an oppo- 
nent’s pieces, this being effected in one of four ways—by meet- 
ing, by assault, by ambuscade, and by siege. 

The method by meeting may be illustrated as follows: If 
Even’s triangle 25 can, by advancing three spaces, reach Odd’s 
circle 25, Even does not move his piece, but simply takes up 
his opponent’s. 

The capture by assault is effected in this way: If a smaller 
number, multiplied by the number of vacant spaces between it 
and a larger one, equals the larger one, it may take it. For 
example, Odd’s circle 5 may take Even’s square 45 if nine separ- 
ates the two. This requires the players to be familiar with the 
multiplication table, and for this purpose Fortolfus provides 
the usual square array known in the Middle Ages as the mensa 
Pythagorica. 

The capture by ambuscade is as follows: If two pieces whose 
sum equals the number on an opponent’s piece can be moved 
into the spaces on either side of it, the latter is ambuscaded and. 
must surrender. For example, to capture Odd’s triangle 12, 
Even’s circles 4 and 8 must be able to move on either side of it. 

The capture by siege is effected if a piece is immediately sur- 
rounded on all four sides by opposing pieces; that is, if the 


adjacent spaces above, below, to the right, and to the left are 
filled. 
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It is evident that a pyramid can rarely be taken except by 
siege. Interest was therefore added to the game by making it 
subject to several attacks. A pyramid was considered to be in 
danger whenever one of its lamin was attacked by any one of 
the four methods. In this case a ransom was allowable, namely, 
a piece of the same value as the base. In case no such piece 
could be offered because of prior capture, any other piece could 
be given that the opponent might be willing to accept. Positive 
capture of the piece not being possible if the numbers 91 and 
190 were retained, it was permitted if the base square was suc- 
cessfully attacked, namely, 36 or 64. The piece having no par- 
ticular value, its loss was no more serious than that of any 
other piece, but the plans of attack were more interesting. 

As already stated, the game consists in capturing an oppo- 
nent’s pieces. This, however, is not all there is of it. The 
capture is undertaken for the purpose of obtaining what is 
technically called a Victory, and the rules provide for no less 
than eight of these Victories. Before beginning to play, the 
particular kind of Victory for which the contest is to be waged 
is agreed upon by the parties. Five of these kinds are known 
as Common Victories, and the rest as Proper Victories, the 
former being considered as suited to tyros and the latter as 
worthy of veteran players. 

Common Victories were, as already said, of five kinds, as 
follows: (1) Victory de corpore, decided by the number of 
pieces captured ; (2) Victory de bonis, depending upon the value 
of the pieces; (3) Victory de lite, depending not only upon the 
value of the pieces but upon the number of the digits inscribed 
upon them; (4) Victory de honore, depending upon both the num- 
ber of the pieces and their value; (5) Victory de honore liteque, 
depending upon the number of pieces, their value, and the num- 
ber of digits inscribed upon them. 

If, for example, the players decided upon the Victory de 
corpore, they would agree in advance upon some number, as 
twenty-four, as the winning number. As soon as either player 
captured twenty-four of the opponent’s pieces he won the game. 

If they decided in advance upon the Victory de bonis, they 
would agree upon some number like 160 as the winning number. 
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f Each player would then seek to capture pieces of which the 
sum of the values should equal or exceed 160. 

If they decided upon the Victory de lite they might again 
select 160 with the further condition that the total number of 
digits on the pieces should equal some small number, such as 
eight. A player would then try to capture pieces like 56, 64, 
28, and 15, but would not try for 121, 9, and 30. 

If the victory was to be de honore the players would agree 
upon some number like 160 for the sum of the values, and some 
other number like five for the number of the pieces. In this 
case neither 56, 64, 28, 12 nor 121, 9, 30 would suffice, but 64, 
30, 30, 25, 5 would meet the two conditions. 

In the Victory de honore liteque the players might agree upon 

160 for the values, five for the number of pieces, and nine for 
the number of digits. These conditions are satisfied by 64, 36, 
30, 25, 5 from the Odd’s pieces, and 64, 36, 42, 16, 2 from the 
Even’s pieces. 
i It is already evident that the game has more of merit than at 
first seemed probable. These Common Victories do not, how- 
; ever, show it as played by the real lover of Rithmomachia. It 


was in the Proper Victories that he found a game worthy of his 
efforts, and with these we shall close this description. 

The Proper Victories were known by the names of Magna, 
. Major, and Praestantissima, and they resulted from combina- 
tions relating to the three best known types of progressions, the 
arithmetic, geometric, and harmonic—progressions that had 
, come down through the Greek mathematics from the Pytha- 

goreans. In each of these victories the pieces, one of which 
/ ; must be taken from the opposing side, must be displayed in the 
selected progression from the opponent’s side of the boards. 
i The Victoria Magna consists in arranging three counters in 
; any one of the three simple progressions. There are forty-one 
combinations that make possible such an arrangement in arith- 
; metic progression, eighteen in geometric progression, and seven- 
teen in harmonic progression. The possibilities are greater for 
ft Even in the first case and for Odd in the second case, and they 
| are equal in the third case. One of these arrangements, in harm- 
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onic progression, is 6, 8, 12. To this Fortolfus gave the name 
Cubic Victory, the first number representing the faces, the sec- . 
ond the vertices, and the third the edges of a cube. 

The earlier writers gave to the second of the Proper Victories 
the name Victoria Minor, but Boissiére calls it Victoria. Major. 
In this there are combined two progressions, arithmetic and 
geometric, geometric and harmonic, or harmonic and arithmetic. 
To secure this victory four pieces must be brought in line in the 
enemy’s field, two of which must belong to one of the selected 
progressions and two to the other. For example, 2, 3, 4, 8 
would gain a Victoria Major for either Even or Odd, for 2, 3, 4 
are in arithmetic progression and 2, 4, 8 are in geometric, where 
2, 4, 8 are Even’s pieces and 3 is Odd’s piece. There are in all 
sixty-one such double progressions, all but one of which can be 
used by Even, and all of which can be used by Odd. 

The climax of the game was reached in the Victoria Prae- 
stantissima, or Victoria Excellentissima. In this victory it was 
necessary to get four numbers in a-row, which numbers em- 
bodied all three progressions. There are only six possible solu- 
tions to this problem, namely, (2, 3, 4, 6), (4, 6, 8, 12), (7, 8, 
9, 12), (4, 6, 9, 12), (3, 5, 15, 25), (12, 15, 16, 20). Upon these 
combinations the early writers dilate with much affection: For 
example, in the set 4, 6, 8, 12, the comparison of 12 and 8, or 
of 6 and 4, is a sesquialtera (#), corresponding to the fifth in 
music; 8 and 4, or 12 and 6, have the ratio 2:1, that of the 
octave or diapason. The ratio 8:6 gives the diatesseron, while 
12:4 gives the interval, a twelfth, including both diapason and 
diapente. The ratio 8:(6—4) gives the interval of two octaves, 
or a fifteenth, and all of this was shown in graphic form as 
follows: 


Diapason Diapason 
4 6 8 12 
Diapente Diatesseron Diapente 


Such is a brief description of the game of which Boissiére 
speaks as “ Nobilissimus et antiquissimus ludus Pythagoreus qut 
Rythmomachia nominatur,” * a game of which we are told many 


™For ‘the full title in facsimile, see Smith, Rata Arithmetica, Boston, 
1909, p. 272, with other references in the index. 
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of the devotees were men of no mean reputation. Such leaders 
of thought as Gerbert, whom his contemporaries called a wizard 
but made a Pope; Hermannus, whose infirmity gave him the 
name of Contractus, by which he is commonly known; Robertus 
Castrensis, who helped to make the Arab learning known; * 
Nicolaus Horem, who became Bishop of Lisieux in 1377, and 
who sought to enrich the intellectual world by his teaching of 
the ancient theory of numbers ; Oronce Finé (Orontius Finaeus), 
who was professor of mathematics in the (later called) Collége 
de France in 1532; Jacques le Févre d’Estaples (Jacobus Faber 
Stapulensis), the learned tutor of the son of Francois I; Thomas 
Bradwardin, who died in 1349 as Archbishop of Canterbury, 
and who, from his great learning, was known as “ Doctor Pro- 
fundus”; John Shirweed (Shirewode), who died in 1494 as 
Bishop of Durham—these are the names of some of those who 
played the game, and several of them composed tractates set- 
ting forth its merits. It cannot be revived, since the interest 
in the number theory for which it stood has passed away, but 
even some slight understanding of its nature cannot fail to 
have interest for any one who takes pleasure in mathematics, in 
education, or in the evolution of both mathematics and education 
from the ideals of the Greek philosophy to the ideals of the 
present day. 


Professor Karpinski of the of Michigan, is now working 
on one of his translations, the algebra of Al-Khowarazmi. 
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CHAPTER IV 


THE GREAT NUMBER GAME OF DICE 
David Eugene Smith 


It is with some hesitancy that a chapter like the present one, 
tracing the history of a single number game, even though it be 
the most famous one, has place in an article on the number 
games of the school. For those who seek the immediately 
usable it will have no interest. On the other hand, for those 
who like to see these devices in their various stages of develop- 
ment, and who teach the better as they find that the means they 
employ have a human interest and have touched the world for 
many centuries, the chapter will be of value. Many of the 
games of children are ancient, and many of them are full of 
historic meaning. Cat’s cradle is one such game, tag is another, 
and cards, dominoes, back-gammon, and dice are among the 
number. 

Number games of one kind or another are as old as counting 
itself. They characterize the childhood of the race as play char- 
acterizes the life of the child in every generation. They are 
connected with the early superstitions of humanity as the belief 
of luck in odd numbers is connected with the superstitions of 
today. The game of “odd and even” is one of these ancient 
forms, appearing in Latin as par et impar, in the Greek as 
fuyd ’% adfuya (yokes or not yokes), and in the Sanskrit in the 
similar guise of yuj and ayuj. This was a simple form of sport, 
one player holding in his hand a number of nuts or pebbles, 
and the other guessing as to whether they were odd or even.’ 
It appears as early as the fourth dynasty of Egypt, being pic- 
tured upon the walls of a temple of that period at Thebes,? and 
it was prominent enough in Rome to be satirized by Horace as 

*E. B. Tylor, History of Games, in the Fortnightly Review, May, 1879, 
- 238 J. Marquardt, La vie privée des Romains, tome II, p. 514, Paris, 


it is reproduced in Wilkinson, The Manners and Customs of the 
Ancient Egyptians, revised by Birch, Vol. II, p. 55, London, 1878. 


423] 39 


| 


4 


40 Teachers College Record [424 


fit only for children,* although Octavius Augustus speaks of it 
as an after-dinner game played by adults.* It is mentioned by 
a German writer of the sixteenth century, as common in his 
time. Even to-day the Japanese have a game by the same name, 
cho han (even—odd), although it is played with dice,® and Sir 
Edwin Arnold found children playing it in Ahmedabad in 
recent times.” 

It seems probable that this widely-known game led to the 
one of finger-flashing, micatio® of the Romans, the modern 
morra of the Italians.* Although so prominent in the Latin 
civilization, the game is probably of Egyptian origin, appearing 
in the early inscriptions as atep and being represented in the 
temples at Thebes*® and at Beni-Hassan. It also appears in 
Greece * as a well-known pastime. 

The game is played by two persons who face one another, 
one suddenly putting out his hand with one or more fingers 
extended, whereupon the other instantly guesses at the number. 
It seems about as childish as a game could possibly be, but a 
crowd of Italian immigrants will play it by the hour on ship- 
board, and it is apparently as popular to-day in the drinking 
places of Naples as it was in the Forum in the time of the 
Caesars, and it has long been known even as far east as China.” 


*Satires, II, 3, 247. Perseus uses the expression mucibus relictis in 
speaking of those who are passing out of the period of childhood. 

*“ Post cxenam, vel talis, vel par impar ludere,” as Suetonius Tran- 
quillus relates it, in Octavius, 17. 

°C. Thierfelder, Arithmetica, Niirnberg, 1587, p. 341. 

*S. Culin, Chinese Games with Dice, p. 17, Philadelphia, 1889. 

*Under the name ekee-dékee. See his India Revisited, Chap. IX, 
Boston, 1886. 

* Micare digitis, to flash with the fingers, from micare, to flash, whence 
our mica. 

*There are many references to this game in Latin literature. See 
J. C. Bulengerus, De Lvdis privatis ac domesticis Veterum, p. 17, Lug- 
duni, M. DC. XXVII; A. Rocha, Commentarivs . . . contra Lvdvm 
alearvm, p. 5, Romae, M. DC. XVI; N. Young, The Story of Rome, 
p. 338, London, 1901; Ramsay and ‘Lanciani, Manual of Roman An- 
tiquities, p. 498, London, 1901; E. B. Tylor, History of Games, loc. cit. 
There is a very good chapter on the Games of Rome in W. W. Story’s 
Roba di Roma, Book I, Chapter VI. The name morra is not_modern, 
having been found by M. Lenormant on a Roman gem in 1834. This gem 
is shown in Falkener, Games Ancient and Oriental, p. 111, London, 1892. 

*” Wilkinson, loc cit., Chap. Il; E. Falkener, loc. cit., p. 103. 

i Mahaffy, Old Greek Life, p 52, London, 1885. 

™ The Chinese game is described Seder the name Tsoimoi in the Annual 
Register for 1804, p. 353, London, n. d. 
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Such are some of the simple pastimes by which people have 
learned the elements of number, and, although we may not care 
to confess it, more people have come to know of the relations 
of the smaller numbers through gambling and through trade 
than from any direct influence of the schoolroom. 

Since gambling always depends upon values it is a number 
exercise in any form, and therefore any of its many forms might 
be studied in this relation. The game of dice, however, is one 
of the oldest and most nearly universal, and it has therefore been 
selected as the typical one for a brief historical sketch.* 

Although the oldest of the great number games, there are no 
traces of dice in any remains of the stone or bronze age. Not 
until the half mythical story of early Greece begins to be told 
do we find them even mentioned, the tradition being that one 
Alea invented them during the Trojan war.* Plato states that 
they are due to Thoth, who was to the Egyptians what Cadmus 
was to the Greeks,’® and who introduced not only numbers and 
geometry but various kinds of games among the inhabitants of 
the Nile valley."° To find the origin of any game of the people 


* A complete history of dice alone, not to speak of such number games 
as dominoes and cribbage, would fill a small volume. The history of 
iene, checkers, and back-gammon is more extensive, but these are games 
of more refinement and are therefore less related to the people, besides 
which the first two are not as distinctly number games as dice. 

“It is mentioned in the Odyssey. Isidorus, no doubt following a 
well-known tradition, speaks of this in his Etymologies (lib. 18, cap. 57): 
“Alea lusus tabule inventa a Graecis in otio Trojani belli 4 quodam 
milite nomine Alea.’ Certain writers have derived alea from the name 
of a city of Arcadia; others (including Herodotus) from a cognomen 
of Minerva; and still others from sources that have less to recommend 
them. For a summary of the older opinions see A. Rocha, Commentarivs 

contra lvdvm alearvm, Romz, M. DC. XVI, p. 5. The word 
means a die, or dice-play. 

*See his Phedro. Sophocles and Pausanias echoed the popular tra- 
dition by attributing the origin of dice to Palamedes (c. 1244 B. C.). 
See also G. Vuillier, Plaisirs et Jeux depuis les Origines, Paris, 1900, 


p. 201. 

*Eustathius, in his commentary on the Odyssey, thinks that Plato 
referred not to a gambling table for dice, but to a table used by ancient 
astronomers. For further references to the ancient authors who have 
mentioned the origin of dice, see J. C. Bulengerus, loc. cit., p. 7: Rocha, 
loc. cit., p. 5; W. Richter, Die Spiele der Griechen und Rémer, Leipzig, 
1887, p. 74; Reymond, Alte und neue Wurfelspiele, 1888. J. C. de Pauw, 
De Alea Veterum, Trajecti ad Rh., MDCCXXVI, has a little ill- arranged 
information. Also see C. H, Trotz, ed. of H. Hugo, De prima scribendi 
origine, Trajecti ad Rh. MDCCXXXVIII, p. 22%; E. Falkener, Games 
Ancient and Oriental, London, 1892; Thos. Hyde, De Ludis Orientalibus, 
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is, however, a very difficult matter,’* and it is probable that we 
shall not get much farther than knowing that dice were used 
by the Etruscans,** Romans, Greeks, Egyptians, Persians,?® 
Chinese, and Hindus, and that from these early times to the 
present the game has been practically universal in the West. 

Among those notorious gamblers, the Chinese, dice have long 
been used.*° They differ at present from our common dice only 
in the fact that the 4 and 1 are marked with red spots, the 1 
being unusually large, and in the fact that they vary consider- 
ably in size. Chinese authors refet to the use of dice as early 
as the time of Ts’ao Chih (a. D. 192-232), the learned son of 
the great usurper Ts’au Tsau, who overthrew the Han dynasty, 
but very likely they came from the West, through India, at a 
much earlier date. 

In some excavations made in Chinese Turkestan in 1900 there 


Oxford, 1694. The word ludus (game) is derived by Herodotus from 
Lydia, where in the time of Kin Alyis (Alys), son of Manes (founder 
of the Lydian-Phrygian eaten) games were held in high esteem. 
Modern scholars are quite undecided as to the etymology of alea and 
ludus, as may be seen, for example, in the scholarly work of A. Walde, 
Lateinisches Etymologisches Weortenbuch, Heidelberg, 1910. 

“Our “ tic-tac-to,” for example, was known to the Romans, for Ovid 
speaks of it thus: 


“Parua sedes ternis instructa tabella_lapillis, 
In qua vicisse est, continuasse suos.” 


So “heads or tails,” which may be considered a kind of two-faced dice 
game, was the “caput aut navia” of Macrobius and the “croix ou 
pile” of the French middle ages. 

* The first really important key to the Etruscan language came from 
the study of a pair of ivory dice found in 1847 by the Princess of 
Canino, and now preserved in the Cabinet des Médailles at Paris. These 
bore the words that Canon Isaac Taylor (The Etruscan Language, Lon- 
don, 1876, pp. 6, 16 of the reprint) proved to mean the first six numerals: 
Mach=1, Ci=2, Zal=3, Sa=4, Thu=5, Huth=6. In the writer’s 
collection are five Etruscan pieces. In the Archeological Museum at 
Florence there are a number of Etruscan pieces ranging from the seventh 
to the third century B. C. 

“In the writer’s collection are 26 ancient Roman pieces, three or four 
Greek pieces, nine Egyptian pieces, some of these representing the Greek 
or Roman civilizations that entered at later times, and pieces found 
among the Persian remains in Asia Minor. 

* The common name, shik tsai (shik, colors; tsai, a little thing), refers 
to the fact that the 4 and 1 are painted red. There are other names 
in use. See S. Culin, Chinese Games with Dice, Phila., privately printed, 
1889, from which other information has been derived. For the tradition 
as to the red spots, see ibid., p. 5. 
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was found a bone die, about 1%4 cm. high, marked in the usual 
way, and this is now in the British Museum. Other antiquities 
from the same place are dated c. seventh century a. p. and earlier, 


so that the game was doubtless common there in our early 
Middle Ages. 


The Korean national game of myout makes use of dice in 
oblong form,”* but without numbers. 

In India dice are mentioned in the Rigveda as aksa. They 
were made of the nut of the Vibhidaka tree (Terminalia belle- 
rica) as is the case even now in India. Four dice were commonly 
used in play, but in the Yajurveda five were used, called by the 
name of aya. In post-Vedic times the game was very popular, 
and two heroes of the Mahabhiarata,?* Kings Yudhisthira and 
Nala staked and lost their kingdoms at the game. In the Pali 
siitras, probably of the fifth century B. c., mention is made of 
Brahmans who waste their time in gambling, including dicing 
(akkha,—Sanskrit aksa). There is also reference, about the 
beginning of our era, to the game of aydnaya (“Luck and 
unluck”’), which seems by the description to be our back- 
gammon.”* Possibly the old Anglo-Saxon game of tzfl-stan or 
tefl-stone may have been some form of dice throwing.** 

It is in the Roman remains, however, that we find the greatest 
number of specimens,”* and in the Latin literature that we find 


"S. Culin, Chess and Playing Cards, in the Smithsonian Institute 
Annual Report, 1806, pp. 665, 682. Each block is called pan-nyout, 
“chestnut four,” and is flat on one side and convex on the other. The 
word nyout (four) refers to the mystic 64 permutations of four things, 
so familiar to all students of oriental lore. For the interesting history 
of oriental dice, and the dice of the American Indians, consult this work. 

"The date of the Mahfbharata is fixed by Professor Ramkrishna 
Gopal Bhandarkar at least as early as the fifth century sp. c. See the 
Journal of the Bombay Branch of the Royal Asiatic Society, Vol. X, 
p. 81, Bombay, 1873. 

* A.A. Macdonell, The Origin and Early History of Chess, in the 
Journal of the Royal Asiatic Society, 1898, p. 117, and particularly p. 121. 

“The Annual Register for 1805, London, 1814, p. 478. 

*The Naples Museum is especially rich in Pompeian pieces, and the 
Kircherian Museum at Rome and the Archeological Museum at Flor- 
ence have some interesting specimens. None of these collections is, 
however, general enough to be representative of the history of the 
game. Nine pieces of the Roman period, found in excavating at London, 
are now in the museum of Guild Hall. They are all cubes of bone or 
ivory, from about 1 cm. to 3 cm. on an edge. 
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the game most frequently mentioned.** The Roman boy play- 
ing dice, still preserved to us in marble,” is one of the thousands 
of illustrations of the fact that youth changes little save in 
dress and language. Indeed the visitor to the Forum may see 
scratched in the ancient pavement practically the same lines that 
he sees the Roman boys of to-day making with chalk as they 
gamble in some side alley.** To such extremes were dicing and 
other games of chance carried by the later Romans and their 
successors that protests of the Church,” and civil *° and ecclesi- 
astical laws,** sought to check the evil. 

In classical times dice were of three general types. First 
there was the talus, taxillus, or astragalus,** a hexah-dron but 


* Among those who refer to it are Cicero, Tacitus (who describes 
the German games), Horace, Martial, Ovid, Seneca, Suetonius, and 
Juvenal. 

* There is a picture of this statue in Jacopo di Falke, Ellade e Roma, 
Milano, 1882, p. 47. 

* The gambling spirit is so rooted in the Italian nature that the average 
number of lottery tickets purchased annually by every man, woman, and 
child in the country is at — ten. C. G. Leland, Etruscan Roman Re- 
mains, p. 269, London, 1 

The Somer Claudius cantenil 400,000 sesterces on the fall of a die, 
and then wrote a treatise on gaming, for which Seneca placed him in 
hell with a bottomless dice box. C. Nordhoff, in Harper’s Magazine, 
Vol. XXVI, p. 164. 

In the ruins of Pompeii were found the remains of a party of game- 
sters with the dice still clenched in their hands. (J/bid., p. 165.) 

*E. g., see St. Ambrose, De Tobia, cap. II, where dice are attributed 
to the barbarous Huns. He should have known, however, that all 
ancient peoples cast lots with dice, as witness the record of Aaron in 
Leviticus, XVI, 8. Sidonius speaks of Theodoric as watching the game. 
A summary of the Christian protests is given in Rocha, loc. cit., and 
Bulengerus, loc. cit. Matthew Paris remonstrated with the barons in 
the time of John Lackland because they wasted so much time at dicing. 
(C. Nordhoff, loc. cit., p. 169, q. v. for other similar historical incidents.) 
Still later, in 1452, John Capistran, a disciple of St. Bernardin, preached 
so successfully against gaming at Niirnberg that at the close of his 
sermon 40,000 dice, together with other gambling material, were publicly 
burned in the market place (Jbid., p. 168), which is the reason, perhaps, 
that no medieval specimens can be found ‘there now. 

* See the Code of Justinian, lib. 3, tit. 43, leg. 15, beginning “Alearum 
lusus antiqua re est.” St. Louis (1254 and again in 1256) prohibited the 
use and the making of dice in France. 

* The canonical law deposed a bishop, priest, or deacon (“Episcopus, 
aut Presbyter, aut Diaconus”) who gambled. 

"The names were generally confused with tesserae, cubi (xkvBot) and 
dadi, particularly by such writers as Rocha, loc. cit., p. 2, seq. The 
astragalus (dorpayados) was so called by the Greeks ‘ ‘quia fiunt é 
talis animantium ” (Bulengerus, p. 46). The game of dice probably came 
from the old knuckle-bone play with tarsal bones (astragali). See also 
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not cubical. In this form the faces were unequal, the two 
largest being opposite, one convex and the other concave, and 
only the ends being planes.** The fall was therefore generally 
on the large faces, the marking of which seems to have varied 
in different periods, sometimes being 1-6,** and sometimes 3-4." 
The 2 and 5 were frequently omitted,®* and indeed marks of 
any kind were hardly necessary since the form of the die showed 
the value of the throw.** On this account the throws of a talus 
had fanciful names such as “the dog,” “the vulture,” and 
“ Venus.” ** When several dice all showed the same face, this 
was the throw of the dog and counted one,*® while if the faces 


W. Richter, Die Spiele der Griechen und Romer, Leipzig, 1887; for 
illustrations from ancient wall decorations see pp. 74, 76. On this game 
see Bolle, Das Knéchelspiel der Alten, Wismar, 1886. The British 
Museum has one of the most varied collections of astragali, comprising 
pieces of bone, agate, crystal, lead, and bronze. There is a larger but 
less varied collection in the Museum at Naples. There are also three 
real astragals (knucklebones), from the Roman remains found at Lon- 
don, in the museum of Guild Hall. Pollux, a Greek writer who lived 
c. 185 A. D., speaks at length of the ancient games. He describes the 
tali or aorpayadot as having only four sides marked, the 2 and 5 
being omitted. 

“Of this form the writer has one bone specimen found in the Roman 
remains at Cairo. 

“In the writer's specimen the marking is 1 (concave) and 6 (convex). 
Bulengerus, /oc. cit., p. 47, gives this as the usual plan. In the knuckle- 
bone play, the concave side was 3, the convex 4, and the other two 1 
(Chios or the dog) and 6; W. Richter, loc. cit., p. 77. When four bones 
were used there were 35 combinations so that the game required con- 
siderable knowledge of number. It is stated by E. Falkener (loc. cit., 
p. 85) that the Egyptian astragal counted 1 for the concave and 2 for 
the convex side, or vice versa. 

* As Isidorus and Papias relate. 

*In the writer’s specimen they are on the narrow faces where the 
die could hardly rest. “In talis binio, & quinio non erant, ait Eustathius.” 
Bulengerus, p. 47. 

* As in the common Egyptian astragal. See Falkener, loc. cit., p. 85. 

*“Talorum iactus sunt, Cous, suppus, Venus, Basilicus, felices, Chius, 
planus, canis, vulturius, infelices.” Bulengerus, loc. cit., pp. 47, - 
Richter, loc. cit., p. 78, where mention is made of similar names in use 
to-day in Germany. Among the Chinese names in use to-day are Heaven 
(double six), plum blossom (double five), tiger’s head, red head ten, 
and long leg seven. The five spot is also called the plum (blossom) 
by the Japanese. See S. Culin, Chinese Games with Dice, Philadelphia, 
1889, p. 8. It would be an interesting study to compare these fanciful 
names among different peoples. Two bronze astragals from China are 
now exhibited in the British Museum. 

*“ Si pluribus talis luderunt, canis, seu monas fuit quando vno vultu 
tali omnes caderent.” Bulengerus, loc. cit., pp. 47, 60. Some writers 
speak of four aces as the worst throw with four dice, and call it “ canis.” 
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were different the throw was called Venus.*® If only a single 
talus was used, 6 was the happy throw and 1 the unfortunate.“ 

A second kind of die was the tessera, a name however that 
was used for various purposes.*? As applied to dice a tessera, 
was the common cube known at the present time. 


But while in the modern form the opposite faces - 
have the constant sum 7, in primitive specimens 

this is not generally the case. Campanari ** in his a 
study of Etruscan dice has shown that these *e, 
pieces are usually marked as shown by the an- fe oes 3] 
nexed diagram, although this is not by any means 2ie_cle_2 


universal.** There are, for example, two curious 
pieces in the Archeological Museum at Florence representing 
three dice fastened together, as here shown. 
They are made of bone with a hole through 


it, as is usual with large pieces of this material, = Sp ob eee 
and opposite the 4-face is the 3-face as in the 
later Roman examples. There is a similar 

piece in the British Museum, marked “ unfin- ris Ts. 


ished,” one face being smooth (though possi- 
bly ground off later). 


““Venus, si diverso omnes vultu; canis, si uno omnes tali vultu 
caderent.” Jbid., The Venus throw (1, 3, 4, 6) was the best of all with 
four dice, as the dog (canis) was the worst. 

“ “Si unico talo luderent, senio felix fuit, unio damnosus.” IJbid. 

“As for disks admitting to games and other amusements more or 
less innocent, small tablets entitling the holder to provisions (the modern 
brass milk-tickets, used in small towns, are relics of these tesserae), and 
the legion marks of soldiers. The writer has a collection of such of 
these tesserae as he could find that illustrated the Roman numerals. 
‘Trees arranged in squares were at one time said to be “piantate a 
tessere,” as in Matio Oddi, Dello Sqvadro, Milano, M. DC. XXV, p. 8s. 
In Italy to-day a ticket entitling the holder to reduced rates on the 
railway is known as a tessera. Etymologically the word comes from the 
Greek re6é6epes, four, and the Latin tessera was often used for one of 
the cubical components of Roman mosaic of which four sides would 
show in a pavement. 

“See Isaac Taylor, loc. cit., p. 16. 

“In the writer’s collection there are four Etruscan pieces found near 
Tivoli, with this marking. One from an Etruscan tomb at Palestrina 
is marked like most of the Roman pieces. Of the specimens in the 
Etruscan collection in the Archeological Museum at Florence, several 
are marked in the later manner, while some, like the two large gypsum 
pieces shown in situ in the tomb from Volterra (7th century B. c.) 
seem to be marked on no system whatever. Thirteen Etruscan speci- 
mens are exhibited in the Louvre, but they have no peculiar marking. 
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A little later than the earliest Italian dice, specimens are found 
among the remains of the Persian invaders of Asia Minor, 
possibly of about 5oo B. c.,** the earlier ones having very unsys- 
tematic markings ** as if the makers had merely heard of the 
game without seeing any perfect pieces. 

The first Egyptian pieces definitely referred to in literature 
are probably of this same general period, say from the seventh 
to the fourth centuries B. c. As to the extant specimens, it is 
impossible to determine their dates very accurately.** The greater 
number are evidently of the Greco-Roman period. Plutarch 
tells us that the Egyptians spoke of dice as very ancient, saying 
that Mercury threw dice with the moon before Osiris was born, 
winning thereby the five days that were added to the 360 to 
make the full year. It is quite probable that none of the dice 
that have been found in Egypt is older than the Roman period, 
and it should be added that none is mentioned in any papyrus or 
on any monument.** 


These tesserae or cubical dice varied greatly in size, material, 
and workmanship. Some are less than a cubic centimeter,*® 
while Roman and Renaissance pieces are found that are many 
times as large.*® Some vary slightly from the cubical form, one 
interesting Egyptian piece in the Archeological Museum at Flor- 
ence having the shape of a truncated pyramid with the markings 


“ Several specimens in the writer’s collection were found near Sansoun. 

“Of those in the writer’s collection, one is marked on the Campanari 
Etruscan formula; another 1-2, 3-6, 4-5; while - third has the curious 
marking 2-4, 3-3, 1-1 (the units being formed a small hole through 
the die). Out of about eighty pieces of stg Bolen te displayed 
in the British Museum, only ten are irregularly marked, 1. e., so that 
the opposite faces do not sum 7. 

“One Karnak specimen in the writer’s collection is marked like the 
Etruscan pieces described by Campanari. Another, also from Karnak, 
has the irregular marking 1-2, 3-5, 4-6. These are probably rather early. 
On the general use of dice among the Egyptians, and on their various 
other games, see Birch’s edition of Wilkinson’s Manners and Customs 
of the Ancient Egyptians, London, 1878, Vol. II, Chap. VII, particularly 
p. 62 with its illustrations of sp2cimens in the Berlin museum. 

“Wilkinson, The Manners and Customs of the Ancient Egyptians, 
revised by Birch, London, 1878, Vol. II, p. 61. 

“The smallest piece that the writer has is a die of bronze, 5 mm. 
on an edge. 

“The largest specimen in the writer’s collection is a Roman piece 
of bone, 24 mm. on an edge. The largest piece that he has seen is 


an Etruscan one from a tomb at Volterra, in the Archeological Museum 
at Florence. 
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1-6, 2-3, 1-4.°* Cuboids with rounded edges and corners, almost 
approaching a sphere at times, were also not uncommon, per- 
haps being preferred for their durability. As to material, bone 
has always been the favorite, but owing to the necessity of plug- 
ging the marrow openings in the large pieces, loading was prob- 
ably not uncommon.®* Metal, particularly iron and bronze,"* 
was also used, sometimes with the pips stamped in and some- 
times painted on. Of the various stones, gypsum (alabaster) 
was the most common because it was so easily cut, but steatite, 
slate, marble, granite, and basalt were all used. The Egyptians 
also used porcelain and they did some beautiful work in glass, a 
substance that had the advantage of being visibly homogenous.™ 
Real ivory was too rare to be used commonly, but such speci- 
mens from the classical times are occasionally seen. As to work- 
manship, all grades are found, as would naturally be expected, 
varying from the rude pieces of a blacksmith to the delicate ones 
of an artist.*® 

The number spots on the faces of the tesserae, called in Eng- 
lish “ pips,’”** were known to the Romans as unions, points, or 
dogs,®? and the highest throw, as with us when we use three dice, 
was three sixes.** The one was called the monad by the Greeks 


"The 6 is presumably on the base, but it is not visible \2= 
as it lies. Opposite the 4 is 1, although the top is also 1, 
no 5 appearing. One of the Angio-Saxon pieces found in 
Bell Alley, London, and now shown in Guild Hall, is about 


half way between a talus and a cube. 

* Very likely this is why we find so many with the hole left, evidently 
never plugged, so that the interior could be seen. Indeed the writer 
has some stone dice that are pierced by a hole, for which he can think 
of no other good reason. 

The writer has one bronze Persian piece, two bronze or silver 
Byzantine pieces, and two iron Etruscan and Roman pieces. 

“One of the rarest pieces in the writer’s collection was found at 
Luxor. It is of greenish amber glass, with eye-like pips of white and 
black. In the British Museum there are four clear crystal (glass?) 


pieces. 


* Tllustrations of early dice may be found in M. A. de la Chausse, Le 
Grand Cabinet Romain, Amsterdam, 1706, pp. 102, 105. 

* Sometimes the numerals themselves were used, as in the Etruscan 
piece already described, in one crystal piece in the Louvre, and in an 
alabaster piece with Greek numerals in the British Museum. 

* Uniones, puncti, canes, the last being used in speaking of the tali. 

For references on this complicated subject of the ancient counts see 
Bulengerus, Joc. cit., pp. 49, 51, 63. 
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and the union or point by the Latins,®® as well as the as,®° which 
latter became the French as and the English ace,®* as also in 
cards. The two, the Latin duo, in a similar way became the 
deuce.*® As has been said, the marking was not always by means 
of pips, probably the earliest Etruscan pieces known having the 
number names in full. One Egyptian piece in the writer’s col- 
lection is marked in hieroglyphics, not in any numerical system 
and yet evidently in harmony with one of the early plans. 

The third general form of dice used in antiquity was a rectan- 
gular solid, usually of bone about 1-1.5 cm. square on the end 
and about 6-8 cm. long. It was marked like the talus and was 
subject to much the same limitations as to the throw, it being 
practically impossible that it should remain standing upon either 
end. These pieces are not uncommon in the Greco-Roman 
remains in Egypt,®® and are used in India to-day in the great 
national game of Pachesi.** 

In the Greco-Roman collection in the British Museum are two 
pieces of 14 sides. One of these is of green stone and is num- 
bered in Roman I, II, III, IV, . . . IX, . . . XIV, the 
forms of four and nine (chiefly the former) giving the impres- 
sion that the piece is not very old. The other is of quartz and 


” Bulengerus, loc. cit., p. 52. 

The Greek is 

=“ J'ai trois as.” 

“From the old French as. 

*%From the Latin duos (accusative of duo). The common expression 
with card players, “ There is luck under a black deuce,” may be a long- 
forgotten pun. Deuce, the early Teutonic, Slavonic, and Celtic dus, 
was a mischievous little demon. Isidorus of Seville calls the Dusii 
“demones.” So “Go to the deuce” is of mediaeval origin. The word 
in this sense probably comes from the Latin Deus. 

“The piece has not been carefully studied by any Egyptologist as yet, 
and so the facts can only be surmised. 

The writer has several such, marked 1-6, 2-5, with no pips on the 
ends. In the Egyptian exhibit in the Louvre four such bone pieces and 
one wooden one are displayed. There is also one in the Persian col- 
lection in the Louvre, of the “Achéménide” period, made of terra cotta. 
In the British Museum there is a Greek piece of this kind marked with 
letters, * ome the alphabetic numerals. See also Richter, loc. 
ctt., p. 8. 

"The sides are numbered 1, 2, 5, 6. For illustration, see E. Falkener, 
loc. cit., p. 264. There are two such pieces from Ceylon, and so marked, 
made of bone, in the Ceylon section of the British Museum, and ten 
in the Indian section of the Imperial Institute, London, of ivory. The 
latter are evidently modern, and a’! have black pips, the marking being 
I, 2, 5, 6, besides the ends which are both marked 1. 
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has a hole through it, and since the faces are not numbered it 
was probably a bead. There are also in the British Museum 
two “teetotums,” hexagonal pieces made of bone. One (from 


Loyasse, Lyons) is marked Qs etc., the opposite faces 
e 


adding to 7. The other is oblong, the three exposed faces being 


as follows: 


Special forms are also occasionally found. Thus there is in 
the Egyptian collection in the Louvre an octahedral piece of 
bone (clay?) marked as follows: * 


a 

t 


There is also an ikosahedral piece in the British Museum, of 
grey stone marked like that of the writer, but the place of origin 
is not given.** 

The Medieval and Renaissance dice followed in general the 
Roman models.*® Italian pieces of the seventeenth century 
differ but little in form and size from those of the Roman 


The opposite faces are indicated by arrows, it thus being seen that 
there is no constant sum. 

“The Museum description speaks of the faces as numbered in Greek 
from 1 to 20, but this is probably untrue, although at one period and 
for some purposes the letters were given their regular numerical values 
from 1 to 24. The writer has examined the piece carefully and the let- 
ters are arranged as on his own specimen. In Case III of the Egyptian 
Room of the British Museum there is another ikosahedral piece of 
green stone, marked like the one here described. The Merch collection 
in the Metropolitan Museum, New York, has two similar pieces. 

* Among the Merovingian antiquities found in the cemetery at Herpes, 
Charente, France, and purchased by the British Museum in 1905, are 
two ordinary Roman types, one hollow, each about 2 cm. on an edge. 
Three bone dice, from Anglo-Saxon remains found in Bell Alley, Lon- 
don, correctly marked, may be seen in the museum of Guild Hall. 
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Empire.” In Germany, however, numerous specimens of gro- 
tesque workmanship of the sixteenth (and fifteenth?) centuries 
are still preserved, curious ivory dwarfs and bronze figures, 
none of which pieces could have been very practical for gambling 
purposes." The Germans also used in some game a 34-sided 
stone die, the marks running higher than on the hexahedral form, 
but the triangular faces not being marked. Some of the faces 
bear monograms instead of pips, thus: TA, NH, NG, ND.” 
Besides their use in gambling, dice were probably employed 
in fortune telling and in religious mysticism.** One ikosahedral 
piece in the writer’s collection was found in the Ptolemaic 
remains at Medinet Habu, near ancient Thebes. It is carefully 
made of basalt and is marked with the Greek capitals A, B, I, 
Y. These letters are probably not numerals, since the 
stigma is wanting, and the die may have been used for purposes 
of divination. There is also an ikosahedral piece, of quartz 
crystal, in the Egyptian collection in the Louvre, marked possibly 
both in Greek and Roman. At any rate the faces that can be 
distinctly seen are as follows: ** 


1k 


* Willard Fiske, in his privately printed work on Chess in Iceland, 
speaks of the early use of dice in the North, showing how the game 
had spread all over Europe. 

"There are several of these ivory pieces in the National Museum at 
Munich, the top (represented by the shoulders of the dwarf) always 
being - - -, and the front always -. There are also two grotesque bronze 


pieces on which the top is -. the beck : :, the front :- :, and the sides 
-.. and ::, a departure from the Roman system. There are five of 
these grotesque pieces in porcelain and three in silver in the Germanic 
museum at Niirnberg, of the 16th-17th century. The British Museum 
has two bronze and two silver pieces of this kind. In the Braunschweig 
Museum there are three curious pieces, the dice being inclosed in 
cubical cages. 

™ There are several such black stone pieces in the National Museum 
at Munich, and there is one in the Germanic Museum at Niirnberg. 
The writer has a German piece, probably of the early part of the nine- 
teenth century, in the form of a hexagonal prism that spins like a top, 
a so-called teetotum. 

*The writer has a Sanskrit MS translation of an Arabic work on 
fortune telling by means of dice. The MS is early 19th century. 

“Very likely this die has been described by some scholar. It is 
an unusually perfect piece. There are two black basalt cubical dice 
in the same case. 
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That the Germans were addicted to the game in the Middle Ages 
is evidenced by the Toppler arms, showing two dice with the 
5 and 6 up, as the visitor to the Alte Burg Garten may now see 
in Rothenburg, on the Toppler monument erected in 1908. These 
arms commemorate the gambling of Maximilian and the famous 
old Burgomeister Heinrich Toppler™ for the ownership of 
Rothenburg. The statement of Tacitus that the Germans were 
passionately fond of the game is thus borne out for a later period, 
and a further witness is the existence of dicing schools,” ‘ scholae 
deciorum ’ in the Middle Ages. In France, too, there was used 
rather extensively in the sixteenth century a dodekahedral die, 
marked with the common numerals, apparently, however, for 
fortune telling.”’. 

It is with such material as this, inexpensive, easily made, uni- 
versal in the lower social strata of the East and West and all 
too common in the middle and higher, that many men found 
their only exercise in quickly recognizing simple number rela- 
tions. Of course the gambling feature was pernicious, but as a 
number game, furnishing all the necessary combinations and 
relations, that of two and three dice has never been equaled by 
anything as simple, as inexpensive, as free from fraud, and as 
entertaining. The numbers were presented objectively, the 
fundamental operations with those numbers that the people 
chiefly used were necessarily performed with great rapidity, 
and the drill was so constant at the most impressionable age 
that the facts became permanently fixed in mind. Whether or 
not there is some suggestion here for modern teachers depends 
on whether the world is mature enough to afford to neglect the 
dangers of the gambling feature. 


*® He held office from 1373 to 1408. 

Compare our classes in bridge whist to-day. 

™See Ian de Meun, Le Dodechedron de Fortvne, Paris, 1556, and 
Lyons, 1571. It consists, after a descriptive preface, of verses on the 
luck of the various throws. 
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CHAPTER V 


THE ORIGIN AND DEVELOPMENT OF THE NUMBER 
RHYME 


David Eugene Smith 


The predilection for rhythm among primitive peoples is well 
known. The childhood of the race had the same delight in 
meter that the childhood of the individual has in every genera- 
tion. The earliest literature of a people is usually its folk songs, 
sometimes ballads and sometimes epics. The Vedas of India, 
the Homeric poems, the Sagas of the North, and the rhyming 
chronicles of England, all bear witness to this tendency to 
versify philosophy, history, religion, and the emotions of man. 

It was therefore to be expected that science in general and 
arithmetic in particular would be affected by this primitive law, 
and that rhyme would play a part in this phase of mental devel- 
opment. But there was another reason for the use of verse in 
arithmetic, besides the fact that it was a racial habit. Possibly 
it is one of the reasons for the use of this form of language in 
the first place, but at any rate it is evident that exact phrases 
are more easily remembered when put in verse, both the rhythm 
and the rhyme aiding the memory to retain them. Therefore 
when learning was transmitted by word of mouth, either because 
there was no writing material or because it was scarce, versifica- 
tion was a powerful aid. Accordingly we find the Homeric 
poems thus transmitted, and many forms of ritual, and the 
early philosophy of the Hindus, and not a little of the wisdom 
of various peoples. 

So pronounced was this tendency in India that not only are 
the ancient religious classics in meter, but also all of the early 
treatises on mathematics. Whether scientific works adopted this 
form because of its mnemonic value, or because all of the 
Hindu classics were in verse,’ we do not know. At any rate one 


*As G. B. Kaye, an eminent authority on Hindu mathematics, seems 
to believe. See the Bibliotheca Mathematica, November, 1911. 
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of the difficulties that a translator has at the present time is to 
untangle the meaning that has been made obscure through the 
effort to put it in verse.” 

Closely related to the rhythm of the verse is the rhythm of 
counting, and this has often led the race, as it often leads the 
child, to count far beyond any immediate or prospective needs. 
This is seen in a passage in Sir Edwin Arnold’s “Light of 
Asia,” suggested by the Lalitavistara, one of the Buddhist sacred 
books : 


“ And Viswamitra said, ‘ It is enough, 
Let us to numbers. After me repeat 
Your numeration till we reach the lakh, 
One, two, three, four, to ten, and then by tens 
To hundreds, thousands.’ After him the child 
Named digits, decads, centuries, nor paused, 
The round lakh reached, but softly murmured on, 
Then comes the kéti, nahut, ninnahut, 
Khamba, viskhamba, abab, attata, 
To kumuds, gundhikas, and utpalas, 
By pundarikas into padumas, 
Which last is how you count the utmost grains 
Of Hastagiri ground to finest dust; 
But beyond that a numeration is, 
The Katha, used to count the stars of night, 
The Koti-Katha, for the ocean drops ; 
Ingga, the calculus of circulars ; 
Sarvanikchepa, by which you deal 
With all the sands of Gunga, till we come 
To Antah-Kalpas, where the unit is 
The sands of the ten crore Gungas. If one seeks 
More comprehensive scale, th’ arithmic mounts 
By the Asankya, which is the tale 
Of all the drops that in ten thousand years 
Would fall on all the worlds by daily rain; 
Thence unto Maha Kalpas, by the which 
The gods compute their future and their past.’ ” 


The same tendency is seen in the nursery rhyme: 


“ One, two, buckle my shoe; 
Three, four, bolt the door; 
Five, six, pick up sticks; 
Seven, eight, lay them straight,” etc. 


*A difficulty met by Professor Rangacarya in his recent translation 


of the work of Mah@viraicirya (Mahavir the Learned, an algebraist of 
about 830 A. D.). 


| 
| 
| 
Til 
ah 
Tey 


439] Number Games and Number Rhymes 55 


This is merely a relatively modern form of verses that children 
have probably always been learning. A children’s book of the 
early nineteenth century, called Marmaduke Multiply’s merry 
method of making minor mathematicians, has a good deal of 
this material. Each of the several products has one page and is 
preceded by a picture that is referred to in the verse below. 
The table of threes, for example, is in part as follows: 


I are 3. 
y darling, come to me. 


3 times 2 are 6. 
The man has bought some bricks. 


3 times 3 are 9. 
This boy’s a friend of mine. 
3 times 4 are 12. 
I find no rhyme but delve. 
times 5 are I5. 
d the donkey on the green. 


Ridicule the idea as we may, it cannot be doubted that thou- 
sands of children learned the products by this device, and learned 
them in a manner that was not without its interest for them. 

Such children’s verses are very old. St. Augustine (354-430) 
speaks in his “ Confessiones,” of the song 


“Unum et unum duo, 
Duo et duo quatuor,” etc., 


of his childhood days. 
Even in our own case one rhyme still serves a helpful pur- 
pose, the familiar one of 


“ Thirty days hath September, 
April, June, and November.” 
It was for a long time thought that this had its origin in the 
1590 edition of Grafton’s “ Chronicles.” Some years ago, how- 
ever, I ran across it in the “ Cdpotus manualis” of Anianus 
(1488) in the Latin form: 


“Junius aprils september et ipse nouember 
Dant triginta dies reliquis superadditur vnus, 
De quorum numero februarius excipiatur.” 


N 
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This was the first time it appeared in print. I afterwards found 
it in an anonymous manuscript entitled “Computus cyrome- 
tralis,” written in 1476, in the following form: 


“Ja. Mar 
ma. iul. aug. oc: de. deca- 
trib. et. vno. alij. trigéta. 
sd. februus. octo, viginte.” 
It is, however, much older than this, going back at least as far 
as Socrobosco, in the thirteenth century, in whose Computus it 
appears as follows: 


“ Sep. No. Iun. Ap. triginta dato, reliquis magis uno. 
Ni sit Bissextus, Februus minor esto duobus.” * 

These calendar rhymes were not confined to such simple vari- 
ants of our well-known verse, however. There were many 
others. Josef ben Jehuda, possibly of Tréves, and Simson ben 
Mordechai, both writers of the twelfth century, composed similar 
rhymes, and Chanoch ben Bechai al-Constantini prepared a 
set of tables with mnemonic rhymes in 1162.* About 1481 Josef 
ben Schemtob ben Jeschua, writing probably in Turkey, com- 
posed verses on the calendars of the Jews, Mohammedans, and 
Christians,° all of these being related to the religious observances 
of their respective peoples. In 1330 Fra Bartolomeo of Pisa 
prepared a set of tables in verse for the finding of Easter, filling 
some forty-eight folios,® and similar attempts were not uncom- 
mon in the Middle Ages. One interesting example of the versi- 
fying tendency is seen in a manuscript of the fifteenth century 
that one time belonged to Prince Boncompagni. The writer had 
a scheme of numerical values for the letters of the alphabet, 
and in order to have this scheme easily memorized he set it 
forth in meter, beginning thus: 


“ Possidet a numero quingentos ordine recto, 
Atque tricentos b per se retinetur habere.” 7 


*See Rara Arithmetica, under Computus. 

*M. Steinschneider, Die Mathematik bei den Juden, Bibliotheca Mathe- 
matica, Vol. X (2), pp. 81, 82, 100. 

*Ibid., vol. II (3), p. 71. 

* Tabula ad pasca a fre Bartholomeo pysand . ... Ano 
dfii. M°. CCC°. XXX°. 

* Narducci’s i. p. 206. 
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Even Stifel, writing as late as 1545, resorts to verse for the 
purpose of remembering the Saints’ Days,* although he was a 
good Lutheran, much to Luther’s annoyance at times. 

One of the most interesting applications of rhythm to arith- 
metic is seen in the first notable attempt to spread the knowledge 
of the Hindu-Arabic numerals among the people of northern 
Europe. 

There was written by one Alexander de Villa Dei (Alexandre 
de Villedieu), a minorite monk of about 1250 A. D., a set of verses 
called the Carmen de Algorismo. Manuscripts of this work are 
to be found in various European libraries, and they are so 
numerous as to prove that the verses had great influence in 
making the study of the ‘ Arabic’ numerals more popular in 
the monastic institutions of the thirteenth century. The verses 
seem to have fallen into the hands of some unknown French 
writer of about 1275, for he wrote a brief explanation of them, 
and one manuscript of this commentary exists in the Biblio- 
théque nationale, and another in the Bibliothéque Ste.-Geneviéve. 

There is also another interesting commentary on the Carmen, 
one of the earliest treatises on algorism in our language, pre- 
served in the British Museum (Egerton MS. 2622). In the 
English copy the Carmen begins 


Hec algorisms ars psens dicitr in qua 
Talibs indorm fruim bis quiq figuris. 
They should read as follows: 


“ Hee algorismus ars presens dicitur ; in qua 
Talibus Indorum fruimur bis quinque figuris.” 


This is translated a few lines later: “ This present craft is 
called Algorismus, in the which we use ten figures of India.” 
Speaking of the numerals, the Carmen reads: 


“ Prima significat unum ; duo vero secunda; 
Tertia significat tria; sic procede sinistre 
Donec ad extremam venias, que cifra vocatur.” 


“ The first means one, the second two, the third means three, 
and thus proceed to the left until you reach the last, which is 
called cifra.” 


* Deutsche Arithmetik, fol. 76. 
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The author proceeds later to say: 


“ Qualibet illarum si primo limite ponas, 
Simpliciter se significat ; si vero secundo, 
Se decies ; sursum procedas multiplicando.” 


In substance, the English commentator translates this below: 
“Every of these figures betokens himself and no more if he 
stand in the first place of the rule, the word simpliciter meaning 
only ‘ that and no more,’ ” etc. 

These quotations suffice to show the nature of the most famous 
number verses in the Middle Ages, verses that played no small 
part in the spread of our numerals. 

The writers of the earliest printed text-books did not make 
as much use of verse as did their successors. Nevertheless they 
not infrequently put their rules in rhythmic form. Thus 
Béschensteyn (Augsburg, 1514) puts in this quaint German 
verse his statement concerning numeration: 


“ Numeratio die Erst fiur 
Thut vns yn der rechnung dyse stuer 
Z6l ains Zway dreu vier / acht 
So hast du die ersten figur mit macht.” 


His Rule of Three he also puts in verse: 


“Das mittel mit dem hindern multiplicier 
Dasselbig mit dem vordern Diuidier 
Was dir kumbt zu standen 
Hast du der frag antwort gefunden.” 


This rule was often given in verse, as by Sfortunati (Venice, 
1534) among the earlier writers, and Starcken (edition of 
1714) among the later ones. The latter’s rule for setting down 
the terms is as follows: 


“Drey Zahlen diese Regul hat / 
Die Frage kommt zur dritten Statt / 
Und welche Zahl der Frage gleicht / 
Von ersten Stelle gar nicht weicht ; 
Was aber in der neu Ding bedeut / 
Steht in der Mitten allezeit.” 


In Vander Schuere’s arithmetic of 1600 each chapter is intro- 
duced by a verse giving a rule or statement of the process con- 
sidered. The following rule for s=%n (a+1), a formula of 
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arithmetical progressions, is given in another work, Eversdyck’s 
edition of Coutereel’s arithmetic,® appearing in both French 
and Dutch: 


“ Premier & dernier termes adjouteras, 
Puis leur total produict multiplieras, 
Par la moictie du nombre qui les compte; 
Ansi auras ce que leur valeur monte.” 


Another Dutch writer, Bartjens,’° gives the Regula Falsi in 
verse, as follows: 


“Meer van Meer substraheert, 
Doet soo met Min en Min: 
Maer Meer en Min addeert, 
Dan komt des Regels zin.” 


The first arithmetic that I have found that is composed entirely 
of rhyme is Johann Fridolin Lautenschlager’s, which appeared 
at Freiburg (Uchtland) in 1598. An idea of his style may be 
obtained from the first few lines of his “ Regula de Tri oder 
Regul :” 


“Regula de Tri MERCATORum / 
Genannt aurea proportionum 
Darumb das sie gar bequentlich 
Im Kauff / begert drei ding / namlich 
Den Kauff / das Werth / die Frag zum dritten / 
Das Werth soll stet stehen in der mitten / 
Der Kauff vornen / die Frag dahinden / 
Wilt du die Frag vnd Facit finden /” etc. 


Not infrequently admonitions to the pupil appeared in verse. 
Thus the well-known German writer, K6bel,™ has this to say: 


“In Zal In Masz vnd in Gewicht 
All ding Von Got seyn ztigericht / 
Clerlichen Salomon das sagt 
On Zal / on masz Got nicht behagt. 


Disz nym zt hertzen / bit ich ser 
Vnd yeder sein Kind Rechen ler 
Wie es gen Got vnd Welt sich halt 
So werden wir mit Eren alt. Amen.” 
* Edition of 1658, p. 301. 
* Edition of 1676, p. 191. 


“ His first edition appeared in 1514. The quotation is from the 1518 
edition. 
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The same admonition appears in Adam Riese’s celebrated 
arithmetic.’* 

Advice to learn the multiplication table was particularly strong 
just at the time when the old system of reckoning by counters ** 
was giving place to modern methods. Kobel, for example, gives 
his advice in the following lines: ™* 


“ Hastu geleert das Ein mal ein / 
So wirt dir dise Rechnung gmein. 
In deim Visiern leichtlich zu thun / 
Als ich dich vor gewarnet han / 
Bei dem Pythagorischen Tisch / 
Kanstu es nit / so lerns gerisch 
Im Rechenbiichlin / rath ich dir / 
Was ich dir sag / glaub warlich mir. 
Der vngewisz der selben Kunst / 
Ist sein Visiern wol halb vmb sunst.” 


A somewhat similar admonition appears in various Dutch 
books. For example, Stockmans** writes as follows: 


“ Die wel wilt leeren Rekenen / Cijfferen ende Tellen / 
Moet wel vast dese Tafel in zijn Memorie stellen.” 
“ Die int Cijfferé, Rekenen end tellen wilt prospereren 
Moet dese Multiplicatie neerstelijck observeren.” 

“ Die door het Cijfferen wilt comen ter eeren / 
Moet wel vast dees Tafel vanbuyten leeren.” 


These rhymes were not, however, confined to German and 
Dutch writers. Even the scholarly Ramus put several of his 
problems in Latin verse,” and some of the best-known English 
writers did the same. Of the latter, one of the most prominent 
was Hylles (1600), who justifies his method by saying: 


“T am a Booke, whose doctrine consisteth 
In working with numbers according to Arte: 
The knowledge whereof, to learne who so listeth, 
I promise frankly, to giue and imparte. 
So plainely, so easly, and eke in such sort, 
That thereof the learning shall seem but a sport.” 


“ The first edition appeared in 1522. The verses are given in the 1538 
edition on the reverse of the title page. 

* Little disks, like checkers, used on a kind of abacus. 

“From the 1549 edition, folio 107. 

* First edition, 1589. The quotation is from the 1609 edition. 

* Arithmeticae libri duo, Paris, 1557. 
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How he succeeded may be inferred from a statement relating to 
primes, and one about Barter: 


“ All primes together have no common measure 
Exceeding an ace which is all their treasure.” 


“ Of Barters or trucques, there are diuers kindes, 
VVhereof the first, is when the Trucquers take, 
But ware for ware, by agreement of mindes, 

No partie grating, greater gaines to make, 
Thequalitie of which exchange of wares, 
The compound rule ascending sole declares.” 


The versifying tendency showed itself among English writers 
for several generations. A century and a half after Hylles wrote 
the above lines on Barter, Solomon Low (1748) gave his rule 
as follows: 


“ Barter, exchange of commodities: the rule to proportion ’em 
as follows: 
What’s to be changed, value: then, see what That will purchase 
of T’ other. 
If an =" price of one, a proportionable find for the 
other.” 
Half a century later, Chappell +? attempted to put all of his 
tables in verse, and the following brief extract will show with 
what success: 


“So 5 times 8 were 40 Scots 
Who came from Aberdeen, 
And 5 times 9 were 45, 
Which gave them all the spleen.” 


About the same time Charles Vyse published a very popular 
work '* in which the problems appeared in verse. An illustra- 
tion of these problems will show his style and his attempt to 
puzzle the pupil: 


“When first the Marriage-Knot was tied 
Between my Wife and me, 
My age did her’s as far exceed 
As three Times three does three; 
But when ten Years, and Half ten Years, 
We Man and Wife had been, 


™The Universal Arithmetic, London, 1708. 
* Tutor’s Guide. The tenth edition appeared at London in 1799. 
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Her Age came up as near to mine 
As eight is to sixteen. 
Now, tell me, I pray, 
What were our Ages on the Wedding Day ?” 1* 


Perhaps the culmination of this rhythm method may have been 
the efforts of Master Capen, in the old Mayhew School of 
Boston,?® early in the nineteenth century, who had the boys 
sing, to the tune of Yankee Doodle: 


“ Five times one are five, 
Five times two are ten, 
Five times three are fifteen, 
And five times four are twenty.” 


1 Evidently the pupil is intended to find, after much puzzling, that 
y age was as many times her’s as nine is times three,” and that, 
ye years later, “the ratio of her age to mine was that of eight to 
sixteen.” While this makes a man of forty-five marry a girl of fifteen, 
the problem works out. 
_ W. Brayley, Schools and Schoolboys of Old Boston, Boston, 1894, 
p. 63. 
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CHAPTER VI 


THE NUMBER RHYMES OF METRODORUS 
Robert King Atwell 


The position of the number rhyme in the history of education 
has already been discussed. In this chapter it is proposed to 
give a few translations from the famous Epigrams of Metro- 
dorus, or Metrodoros, to take the Greek form of his name. 
These will serve to show the nature of the rhyming problem as 
it first appeared in the early Greek algebra, and may have some 
educational value in the present search for means to make the 
introduction to this science more interesting to a certain type 
of mind. They are confessedly mere puzzles, stated in a form 
that appeals to the immature youth. They admit of solution 
by such simple equations as are now quite commonly given in 
the arithmetic of the eighth grade, although the Greeks had 
no such simple means for attacking them. In ancient days 
they were possibly solved by geometric methods, the unknown 
quantity being represented by a line. The Arabs would, as 
the learned Dean Peacock has remarked, have solved them by 
the Rule of False Position, as would also the medieval writers 
of Europe. It is quite probable, however, that they were 
approached through the domain of rhetorical algebra, that early 
process of algebraic reasoning in which words were used instead 
of symbols. But whatever the process, they stand as interest- 
ing examples of the use of the puzzle in the youth of the race; 
and as such they raise the question as to whether we should 


not profit by this race experience in dealing with the youth of — 


to-day. 

Metrodorus probably flourished in the third century .B.c., 
but of his life we know practically nothing. We are also ignor- 
ant of his works save as certain of his epigrams appear in an 
447] 63 
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Anthology compiled about 310 a. A Latin translation of 
these verses appeared in Heilbronner’s “ Historia Matheseos 
Universae,” and from this the following translations are made. 
If they appear in English as mere doggerel the translation only 
reflects the original. In fact, in any other form they would fail 
to serve their purpose, since whatever of value they have lies in 
their appeal to what may be called a doggerel epoch of mental 
development. 


THE STUDFNTS OF PYTHAGORA 


“ Pythagora, on you I call, 
How many study in your hall?” 


“ Polyc’rates, oh listen well! 
One half of those who with me dwell 
Learn science; and a quarter part 
Of my disciples learn the art 
The Sophists teach; while listening, mute, 
One seventh sit through all dispute. 
Three studious girls have I beside. 
How many, then, with me abide?” 


In prose form, with many variations, the problem has found 
place in many collections that have appeared in the last two 
thousand years. The answer, twenty-eight, suggests that the 
question of large classes in mathematics was not the serious 
one in ancient times that it is to-day. 


THE ALLOYS IN THE CROWN 


“ A crown of copper and of gold 
With tin and iron firmly rolled 
The goldsmiths shall prepare for me 
Of sixty minae’s weight, to be 
Three fourths of tin and gold. They must, 
Moreover, have a care that just 
Two thirds shall be of gold and copper, 
And then shall mix the metals proper 
To have of iron and of gold 
Just three fifths.” Now the story’s told, 
And you, in turn, shall write it down 
How much of each was in the crown. 


| 
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The problem, while particularly adapted to treatment by 
linear equations, is not beyond the powers of a bright pupil in 
the eighth grade. If any reader cares to work it out he will 
easily find that 30% minae of gold are used, with 9% of 
copper, 14% of tin, and 5% of iron. 


THE PIPES AND THE CISTERN 
It takes one day to fill the vat 
With this large pipe; two days with that; 
The third pipe needs but one day more; 
The fourth pipe fills the vat in four. 
If all four pipes together run, 
How long before the task is done? 


This has been one of the stock problems for over two thou- 
sand years. The variants that have appeared from time to 
time are ingenious and interesting, but this is not the place in 
which to describe them. The problem is generally looked 
down upon to-day as obsolete, and yet when it was first sug- 
gested it appeared as an effort to make mathematics practical. 
Anyone who has watched the pipes filling and emptying 
the cisterns in the public square of any town about the Mediter- 
ranean will recognize that here was a genuine, every-day prob- 
lem of the people at the time when it first appeared. To-day 
its value is largely that of an interesting puzzle with some 
healthy mathematics concealed in its solution, and sometimes 
we forget this value. 


A ATTRIBUTED TO EucLID 


“Tf of your coins you give me two, 
Then I'll have twice as much as you.” 


“© Friend, if two thou give’st to me 
I'll have four times what’s left to thee.” 
Read me this riddle now, my lad, 
And tell me how much each one had. 


The problem, in a slightly different form, is attributed to 
Euclid, and very likely was current in the Alexandrian school. 
It is quite within the grasp of an ingenious pupil of the eighth 
grade, although the answer (35 and 4%) requires the mutila- 
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tion of some coins. ‘It is kin to many problems in our algebras 
to-day. 


A PROBLEM OF THREE NUMBERS 


I wish three numbers now to find; 
And these must be of such a kind, 
The first shall be the second plus 

One third the last. The second thus 
Is found: One third the first you take, 
And to this add the third. You make 
The third by adding on to ten 

One third the first. This given, when 
You’ve worked it out, come tell to me 
That which I ask,—the numbers three. 


The problem is not difficult even without the algebraic sym- 
bolism. But since it yields so readily to solution by linear equa- 
tions it has, in prose form, found a place in most algebras, the 
numbers employed changing from time to time. 


THE PROBLEM OF THE TIME 
“ What is the hour, Comrade, pray ?” 
“ At a dozen hours to the day 
The time that’s past since the day begun 
Is three fourths that to the set of sun.” 
Now quickly scan this simple rhyme 
And tell me what’s the proper time.” 


. The problem has been attributed to Pythagoras, as so many 
others have been with no authority but vague tradition. In 
one form or another it has been a stock problem for many 


centuries. 


THE PROBLEM OF THE GOLDEN VASE 


Ingenious Craftsman, show your art! 
If you should take a quarter part 

Of this rare vase of pure gold, 

And melt and pour it in a mold, 
Together with a third and twelfth, 

The sum of all this molten wealth 
Would weigh one mina. What, I pray, 
Does the golden vase at present weigh? 


| 
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Tue Girt oF CROESUS THE LYDIAN 


Croesus the Lydian dedicates 

Six chests of drachmas to the Fates. 

Each chest contains one drachma more 

Than the one before it. It takes five score 

Of drachmas for a mina, and 

Old Croesus gives with a generous hand, 

For this is the day that he celebrates 

His birth. So he gives the protesting Fates 

Six minas of silver. Now tell me the worth 

Of each chest that he offers in thanks for his birth. 


The idea of the arithmetic progression herein contained goes 
back at least to the Ahmes papyrus, perhaps copied as “ey as 
1700 B. C. from an older Egyptian treatise. 
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CHAPTER VII 


NUMBER GAMES BORDERING ON ARITHMETIC 
AND ALGEBRA 


Frances B. Selkin 


Mathematical puzzles, tricks, and curious cases have always 
appealed to the interest of young and old. The psychologists 
find that this interest starts at about the age of nine and 
increases until it reaches its height during the period from 
fourteen to seventeen, the age of high-school students. Such 
material provides a good opportunity for drill, but it is par- 
ticularly valuable as a stimulus to interest. 

This delightful phase of mathematics has been almost entirely 
neglected by English and American writers, in spite of the fact 
that there is a large literature on the subject in French, Ger- 
man, and Italian. Although this literature abounds in puzzles 
and tricks well suited to students of elementary and secondary 
schools, it contains no work written from the teacher’s point 
of view with the class room in mind. We find, therefore, many 
puzzles introduced which, although interesting historically, are 
of little value for young students. Furthermore, a great deal 
of the valuable material is not presented in usable form. 

The present work has been undertaken with a view toward 
adapting some of this material to the class room and making 
this “brighter side of mathematics” accessible to the elemen- 
tary and secondary school teacher. 


Part 1. ARITHMETIC 


One of the most serious problems that confronts the ele- 
mentary school teacher is that of interesting the child in the 
necessary drill in the fundamental operations. The child is 
continually looking forward to something new and is disap- 
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pointed when he is called upon to do that which he feels he 
has thoroughly mastered. To solve this problem we have only 
to turn to the rich field of mathematical recreations. Here we 
find abundant material which arouses genuine interest and 
lends an air of mystery to this work which is usually so dull, 


1. Addition 


We must admit that there is nothing particularly interesting 
in a long column of numbers to be added. Let the teacher, 
however, suggest that he can write the answer at sight, and the 
task will assume a totally different aspect. 

A very simple number trick of this kind can be performed 
by making use of the principle of complementary addition. The 
arithmetical complement of a number with respect to a larger 
number is the difference between these two numbers.’ Most 
interesting results can be obtained by using complements with 
respect to 9.” 

The children may be called upon to suggest several numbers 
of two, three, or more digits. Below these write an equal 
number of addends and immediately announce the answer. The 
children, impressed by this apparently rapid addition, will set 
to work enthusiastically to test the results of this lightning 
calculation. 


Example: 357 
682A 999 
793 X 3 
2997 
642 
206} 


Explanation: The addends in group A are written down at 
random or suggested by the class. Those in group B are their 
complements. To write the first number in group B we look 
at the first number in group A and, starting at the left write 6, 
the complement of 3 with respect to 9; 4, the complement of 5; 


*Vinot, Récréations Mathématiques, p. 2. 
*E. Lucas, Théorie des Nombres, Vol. I, p. 25. 
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2, the complement of 7. The second and third addends in 
group B are derived in the same way. Since we have three 
addends in each group, the problem reduces itself to multiplying 
999 by 3, or to taking 3000— 3. Any number of addends may 
be used and each addend may consist of any number of digits. 

An Italian book of the eighteenth century, entitled “‘ Giuochi 
Numerici” (Number Tricks),* gives a rule by means of which 
the answer to such examples may be written with a rapidity 
which impresses the uninitiated as nothing short of magic. 
Beginning at the left, the first digit in the answer will be one 
less than the number of addends in one group. This will be 
followed by as many nines, less one, as there are digits in the 
largest number. The last digit will be the complement of the 
first. If, for example, there are four addends in each group, 
the largest having 6 digits, the first digit of the answer will be 
4—1=3. This will be followed by 6—1 nines. The last digit 
will be 9 —3=6. The answer will be 3,999,996, no matter 
what numbers appear in the addends. 

A careful inspection of the nine times table will reveal cer- 
tain peculiarities which explain this rule. 


2Xg=18: 1+8=9 
3X9=27: 2+7=9 
4X9=36: 3+6=9 
5X9=45: 41+5=9, etc. 

From the above we note that the first digit of a multiple of 
nine is one less than the cofactor of nine. Since this is true of 
the first ten multiples of nine, the first hundred multiples of 99, 
the first thousand multiples of 999, etc., this principle can be 
applied to all examples of the above type. Therefore the num- 
ber of addends in one group (the number by which 99,999, etc., 
is multiplied) determines the first digit in the answer. We 
also notice that the sum of the digits of a multiple of 9 is equal 
to 9 or a multiple of 9. This explains the remainder of the 
rule. If the number of addends less one is a number of more 
than one digit, subtract the number in excess of one from the 
number of nines in the answer. For example, if there are 21 


* Alberti, Giuochi Numerici, p. 5. 
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addends in each group, the largest consisting of three digits, 
the sum will be 20,979. 

The following is another form of rapid addition in which 
the complement with respect to 9 is again used. In this case, 
as in the preceding, the addends in group A are written down 
at random and those in group B are composed of the comple- 
ments of the digits in A. In this case, however, the second 
group contains one addend less than the first group.‘ 


Example: 4876 
3465 

8296 

5123 
B 

6534 


To write the answer without adding, subtract 2, the number 
of addends in B, from 6, unit’s digit of the last addend in 
group A (the addend whose complement does not appear in 
group B, of course not necessarily the last addend in A). Write 
4, the resulting digit, in unit’s place in the answer. The digit 
of highest order will be 2, the number of addends in group B. 
This will be followed by 829, the last addend of A, with unit’s 
digit omitted. This rule may be applied to an example con- 
sisting of any number of addends. If unit’s digit of the last 
addend in group A is zero or 1, subtract the number of addends 
in group B from the last two digits instead of from the last one. 


Example: 39765) 
48537 
73864 
96340 
60234 
514624B 
26135 


396337 


In this case subtract 3, the number of addends in B, from 40, 
the last two digits of the fourth addend. Then ten’s digit of 
that addend will not appear in the answer. 


*jJ. C. Schafer, Die Wunder der Rechenkunst, p. 164. 
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This problem may be set in another form which seems even 
more remarkable. Let some one draw a line and write below 
it a number consisting of any number of digits. The problem 
then becomes that of writing above this number addends whose 
sum will be the number written down at random. Suppose the 
number is: 


368,754 


Ask some one to write any number above this, restricted only 
as to the number of digits, which will be one less than the 
number of digits in the sum. Above this let a second person 
write another addend and someone else a third addend. Above 
this group of addends write another group of three addends 
derived from the first group by taking the complements with 
respect to 9 as in the preceding example. 

In this case, as in the former, there will be one more addend. 
This is derived from the sum by adding 3, the first digit at the 
left, to 4, unit’s digit, obtaining 68757.° 


Example: 68757 Derived from the sum. 
42983 
75304 
86478 
57016 
24635 
13521 


368754 


If the number obtained by adding the first and last digits of 
the sum is greater than 9, add the first digit of the sum to the 
last two to obtain the last two digits of the addend which is 
being derived. 


Example: 87642 Derived from the sum. 
37654 
58367 
24865 
48973 


Schafer, p. 166. 
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62345 
41632 
75134 
51026 


487638 


The test of addition by casting out nines will prove of 
interest in the higher grades. It is a simple method of checking 
work and can occasionally be used to advantage. This test is 
based upon the fact that the same remainder is obtained by divid- 
ing the sum of the digits of a number by 9, as by dividing the 
number itself by 9. A simple algebraic explanation of this 
fact is given in the second part of this paper. By making use of 
this fact we can readily find the remainder which would be 
obtained by dividing a number by 9. We need only to add the 
digits and whenever, in this process of adding, we obtain a 
number consisting of two digits, add these digits and continue 
as before. This process is called ‘ casting out nines,’ for when 
we add the digits of every two-digit number we obtain, we are 
really disregarding or casting out the nine contained in that 
number. 

For example, to cast out nines from 74,056, i.e., to find 
the remainder obtained by dividing that number by 9, we say: 
7+4=113; 1t+1=2; 2+0=2; 2+5=7; 7+6=13; 
1+3=4. The remainder is 4. 

To test the accuracy of the result of addition, cast out nines 
from all addends in the above manner and then cast out nines 
from the answer. If the two remainders do not agree an error 
was made in adding. 


Example: 7642 
207 
6329 ‘Remainder, 7 
2863 
84 


17125 Remainder, 7 
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Explanation: 7642 = multiple of 9,+1 
707 = 9, 4+ re) 
6329= “ “ %+2 
2863= “ 
“ec 9, +3 

Adding, we have, 
17I25= “ 


There is a number trick based upon this test of casting out 
nines and the principle of complementary addition, which will 
appeal to a class as quite remarkable. Let some one suggest 
several addends. Below these write an equal number of addends 
derived from the first group by taking complements with respect 
to 9. Below these write one more addend which is exactly 
divisible by 9. This can be done by writing any digit, then its 
complement with respect to 9, and so on for as many digits as 
are required. 

Example: 75672 

68435 
47893 
24327 
31504 
52106 
36459 


330456 


Let anyone add the above addends and show the answer 
omitting any digit other than zero. The missing digit can 
readily be found by casting out 9’s from this answer. Since 
the addends are chosen in such a way that their sum is a 
muitiple of 9, the answer will be exactly divisible by 9. If then, 
we cast out 9’s from the answer shown, and subtract from 9 
the remainder obtained, we shall find the missing digit. Sup- 
pose the missing digit is 4. The answer shown will then be 
33,056. Casting out 9’s from this number, we obtain the 
remainder 5 which subtracted from 9 gives 4, the missing digit.’ 


*Vinot, p. 11. 
* Schafer, p. 162. 
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2. Subtraction 


The test of casting out nines may be used to check subtrac- 
tion. In this case cast out nines from the minuend, from the 
subtrahend, and from the remainder. Add the last two and 
cast out nines from their sum. The result should be equal to 
the first remainder. As this test is here applied in reality to 
an addition example, the explanation given under addition applies 
to subtraction also. 

There are several interesting number tricks which may be 
used to enliven the work in subtraction. Let some child think 
of a number consisting of two digits and then reverse the 
order of digits obtaining a new number. Let him then sub- 
tract the smaller from the larger and tell you one of the digits 
in the difference. You will then be able to tell the other by 
subtracting the digit given from 9.* Suppose the number thought 
of is 37. Reverse the order of the digits and the new number 
is 73. Subtract 37 from 73 and the result is 36. If, then, 
3 were given, subtract 3 from 9 to find the other digit, 6. 

The same may be done with a number consisting of 3 digits. 
The digit in ten’s place in the answer will always be 9 and the 
sum of the other two will be 9. If, then, either the first or the 
last digit is known, the other two can be found. 

There is another interesting case which is based upon the 
principle of casting out nines. Let a child think of a number 
consisting of any number of digits. Let him then write another 
number consisting of the same digits written in an entirely 
different order. Ask him to subtract the smaller number from 
the larger, rewrite the difference omitting any digit other than 
zero, and show you this final number. By looking at this 
number one can tell what the missing digit is. Since the 
minuend and the subtrahend contained the same digits, the 
remainders obtained by casting out nines from each should be 
identical and the difference between the two should, therefore, 
give zero as remainder. If then, we cast out nines from the 


* Ball, Mathematical Recreations (French edition), p. 81. The French 
= being more extended than the English, is used throughout this 
chapter. 
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number shown and subtract the remainder obtained, from 9, 
we shall find the missing number.’ 

Suppose the number chosen is 4,735,892,006, and the same 
digits written in different order—2,004,589,673. The differ- 
ence between the two numbers is 2,731,302,333. Suppose the 
number stricken out is 1. Then the number shown would be 
273,302,333. Casting out nines, the remainder is 8. Subtract- 
ing this remainder from 9 we have g—8=1. Therefore 1 is 
the missing digit. 

There are two very curious cases which give constant results. 

First, let each pupil: 


(1) Write any number consisting of three digits. 
(2) Write the number obtained by reversing the order of 
the digits in the first number. 
(3) Subtract the smaller from the larger. 
(4) Write the difference obtained and write the new number 
formed by reversing the order of the digits in this 
difference. 
(5) Add this new number to the difference found in (3). 
The result of the last operation is always 1089 and all the 
pupils will have the same answer notwithstanding the fact that 
each chose his own number. For example, suppose one of 
the numbers chosen was 643. The successive steps give: 
643 — 346 = 297; 297 + 792 = 1089."° 

The second case is somewhat similar. Let each pupil write 
any number of three digits such that the digits decrease by one 
from left to right, for example 432, then reverse the order of 
the digits and subtract. The answer will always be 198." 


Example: 765 — 567 = 108. 


3. Multiplication 


The field of multiplication is particularly rich in curious 
cases and short methods. The test by casting out nines is most 


valuable in multiplication and ought to be used systematically. 


* Schubert, Mathematische Mussestunden, Vol. I, p. 70. 
Ball, p. 74. 
"Tbid., p. 76. 
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(1) Cast out nines from the multiplicand ; 

(2) Cast out nines from the multiplier; 

(3) Cast out nines from the product. 

Multiply the remainder obtained in (1) by that obtained in 


(2) and cast out nines from this product. The new remainder 
should be equal to that obtained in (3). 


Example: 2096 8 
357 6 8xX6=48 | 3 
14672 
10480 
6288 
748272 3 3 


Explanation: ** 2096 (a multiple of 9, plus 8) repeated 357 
times gives a multiple of 9, +357 X 8. Since 357 is a multiple 
of 9, plus 6, 8 X 357 is a multiple of 9, +8X6 or 48, which 
gives the remainder 3 when nines are cast out. 

The same thing can be done with several factors, in which 
case we cast out nines from each factor and then from the 
product of the remainders thus obtained. The result should 
be equal to the remainder resulting from casting out nines from 
the total product. 


Example: 4X 25 X 8 X 32 = 25,600 
Remainders: 4, 7, 8, 5 


4X7=28 rem. =I 
8x1= 8 “ =8 
8X 5=40 “ =4 
25,600 “ =4 


If one factor gives zero as a remainder, the product should 
also give zero as a remainder for it should be an exact multiple 
of 9 since one of its factors is a multiple of 9. 

There are several combinations which produce results com- 
posed of identical digits. These usually appeal to young stu- 


* Vinot, p. 12. 
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dents as quite remarkable cases. The following is perhaps the 
one most generally known. 


12,345,679 X 9 = III,III,III 


12,345,679 9X6=54 
54 


666,666,666 


Explanation:'* The number 12,345,679 is the repetend of the 
fraction s+ and 9 X vr: — 4 whose repetend is 111,111, ‘ 
The pupils may suggest the number which they wish to appear 
in the answer. To obtain the desired result we need only write 
as multiplier 9 X the number chosen. The pupils will need no 
suggestion to test the accuracy of the result and they will be 
drilled in multiplication without realizing it. 

The same result may be obtained by using as the multiplicand 
1,122,334,455,067,789, the repetend of sir. Multiplying this 
number by 99 we obtain st: X 99= 3 whose repetend is 111,111, 
etc. Therefore to obtain a result composed of identical digits, 
multiply the above number by 99 times the number which is to 
appear in the answer. 


Example:** —_1,122,334,455,667,789 99 
297 X 3 
297 


We can produce the same product by repeating each digit in 
the multiplicand 3 or 4 times, writing 8 twice or three times 
respectively, and 9 once. In this case we would multiply by 999 
or 9999 respectively, or by one of their first nine multiples. 

The multiplier in each of these cases can be written down 
without stopping to calculate, by applying the rule previously 
developed for multiplying by a number composed entirely of 9’s. 
The first figure in the multiplier will be one less than the figure 
to appear in the answer. This will be followed by as many 
nines less one as there are 1’s in the multiplicand. The last 
digit will be the complement of the first digit. 


8 Schubert, Mathematische Mussestunden, Vol. I, p. 22. 
™“ Alberti, p. 17. 
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This case may be made to appear more remarkable by writ- 
ing it in the form of several products whose sum can be found 
without any calculation. 


Example: 


1,122,334,455,067,789 1,122,334,455,067,789 
132 22 


1,122,334,455,067,7890 
242 


Answer: 444,444,444 


The number 37 used as a multiplicand also gives interesting 
results.*® 


3X37=Il111 Iti+1=3 
6 X 37 = 222 2+2+2=6 
9 X 37 = 333 3+3+3=9 
12 X 37 = 444 etc. 

15 X 37=555 

18 X 37 = 666 

21 X 37 =777 

24 X 37 = 888 

27 X 37 = 999 


The multiplier is always a factor of three and this factor 
determines the digit which is to appear in the product. 


Example: 15 37=3X5X 37=555 

From the above we also note that the sum of the digits in the 
product is equal to the number by which 37 was multiplied. 

Example: 18 X 37=666 6+6+6=18 


The numbers 15,873 and 7 form another combination of this 
type.** 
7 X 15,873 = 111,111 
7 X 31,746 = 222,222 
7 X 47,619 = 333,333 
etc. 


* Fourrey, Récréations Arithmétiques, p. 11. 
** Ibid., p. 7. 
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Explanation: 7X 15,873= 111,111 
7X 31,746=2X 7 X 15,873 = 222,222 
7 X 142,857 = 9 X 7 X 15,873 = 999,999 
If we wish 8 to appear in the answer the multiplicand will 
be 126,984 or 15,873 X 8. 
Lucas in his “ L’Arithmétique Amusante,” gives the following 
without explanation.’ 


QI X 1221 = III,III 
90,090,999 X 123,321 = 


A little juggling with these figures will reveal that this is 
simply a modification of the preceding case. 


Since 91 X 1221=7 X 13 x 15073 
This suggests numerous variations. Let m be any number. 


Then (7 x n)x 25823 = saan. This may be varied still 


further by replacing 15,873 by any one of its first nine multiples. 

Another interesting set of combinations consists of those which 
produce identical groups of digits. The numbers 143 and 7 
belong to this set of combinations. The products obtained by 
multiplying 143 by any one of the 999 first multiples of 7 consist 
of two identical sets of numbers each equal to the number by 
which 7 has been multiplied.** 


Example: 2,464 X 143 =7 X 352 X 143 = 352,352. 
Explanation: 
7 X 352 X 143 = 352 X 1,001 = 352 X 1,000 + 352. 


Hence if the cofactor of 7 (in this case 352) has three digits, 
the product will be composed of two identical parts each equal 
to that cofactor. If, however, this factor is a number con- 
sisting of less than three digits, the two parts will be separated 
by one or more zeros. If, for example, the number to appear in 
the answer (the number by which 7 has been multiplied) is 62, 
one need only think and write 62 thousand and 62. 


Fourrey, p. 65. 


Tbid., p. 13. 
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Example: 21 X 143 =7 X 3 X 143 = 3,003. 
7 X 24 X 143 = 24,024 
Similar results are obtained by multiplying by 77 the 999 first 
multiples of 13, and by 91 the 999 first multiple of 11. 
Explanation: 7XII X13 
=77 X 13 
= 11 XQI 
These two cases can be generalized as follows: 
10,001 = 73 X 137 
1,000,001 = II X 9,091 
Therefore, the products obtained by multiplying 137 by the 
9,999 first multiples of 73, by multiplying 9,091 by the 99,999 
first multiples of 11, etc., are composed of two identical parts. 
The repetend of #: (12,345,679) multiplied by 3 or any mul- 


tiple of 3 which is not a multiple of nine also gives a repeating 
product.’® 


Example: 12,345,079 12,345,679 
3 6 

37,937,037 74:074,074 

12,345,679 12,345,679 

66 15 


814,814,814 185,185,185 


From the above we note that only the repetend of the first 
result need be memorized. The others can be readily derived 
by multiplying this first repetend by the cofactor of 3 in the 
multiplier. For example, if the multiplier is 12= 3X 4, we 
need only multiply 37 by 4 and repeat the resulting product, 148, 
three times. Since the repetend, 148, is a three-digit number 
no zeros will appear in the answer. 

The same repeating products occur when we use 1122334455- 
667789 ; 111222333444555066777889 ; etc., as multiplicands and 
33, 333, etc., as multipliers. We also obtain repeating products 


* Schubert, Mathematische Mussestunden, Vol. I, p. 23. 
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by using these multiplicands and the multipliers 3, 6, 9, etc., as 
in the previous case. 


Example: 1122334455067789 

33 

37037037037037037 

1122334455667789 

3 

3367003 367003367 
111222333444555066777889 
3 
3336670003336670003 33667 
111222333444555066777889 
333 


37937937937037937937037037 


A very interesting trick in lightning multiplication appears in 
Alberti’s “ Giuochi Numerici.” It consists in finding the sum 
of two products without performing any actual multiplication. 
Let someone write at random a number consisting of any num- 
ber of digits. Using this number as the multiplicand in each 
case, write two multipliers. The first multiplier may be sug- 
gested by the class; the second will be derived from the first by 
taking the complements of its digits with respect to 9. 


Example: 3456 3450 
286 9713 


Answer (sum of the two products): 34,556,544. 


~The answer will consist of the multiplicand minus 1, in this 
case 3455. This will be followed by the respective complements 
of these digits from left to right, 6544.7° 

This problem appears quite miraculous at first sight. A little 
reflection will show that this trick is merely an application of 
the rule previously developed for multiplying by a number com- 


* Alberti, p. 12. 
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posed entirely of nines,—in this case 9999. There should be as 
many digits in the multiplier as in the multiplicand. If the first 
multiplier, suggested by the class, has less digits than the multi- 
plicand, consider the missing digits zero—of which the comple- 
ments will therefore be 9. Since the same number of digits 
appears in the multiplicand and multiplier, no 9’s will appear in 
the product. 

This problem may be made to appear even more remarkable 
by using three or more products and finding their sum in the 
same way.”* 


Example: 9827 9827 9827 


2310 4235 3454 

Answer (sum of 3 products): 98,260,173. 
3567 3567 3567 3567 
2412 4342 2015 1230 


Answer (sum of 4 products): 35,666,433. 


The same problem may be set in another form. Ask any 
pupil to write down as many nines as he wishes and underneath 
this any other number consisting of the same number of digits 
to be used as a multiplier. The product will, of course, be 
found in the same way as in the preceding case. 

The number 142,857 is peculiar in that the order of its digits 
does not change when it is multiplied by 2, 3, 4, 5, or 6.%* 


2 X 142,857 = 285,714 
3 X 142,857 = 428,571 
4 X 142,857 = 571,428 
5 X 142,857 = 714,285 
6 X 142,857 = 857,142 


This number multiplied by a number larger than six, gives a 
result composed of moré than six digits. If we add the last and 
first digits of such products we find that the order of the digits 
remains unchanged as above. 

Example: 8X 142,857 = 1,142,856 

Adding 6+ 1=7; the order of digits becomes 142,857. 


™ Alberti, p. 13. 
Fourrey, p. 14. 
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Quite remarkable results in lightning multiplication can be 
produced by using numbers consisting entirely of 9's. For 
example, to multiply 99,999 by 99,999 (to multiply by itseif a 
number composed of digits all equal to 9), write the digit 8, 
to the left of it write as many 9’s as there are digits, less one, 
in either factor, and to the right of it as many o’s as there are 
digits, less two, in either factor, and for the last digit of the 
resulting number write 1.2% This rule applied to the number 
given above (99,999) gives the product 999,980,001. 

A more general form of this problem is that of multiplying a 
number composed entirely of 9’s, by a number composed of like 
digits other than 9, for example, 666 X 999. In this case we 
can apply the following rule: First multiply one of the digits 
of the multiplier by one of the digits in the multiplicand. The 
digit in unit’s place of this product will be the digit in unit’s 
place of the answer. To write the answer, write the digit in 
ten’s place of the first product; to the left of this write the digit 
of the multiplier as many times as there are digits, less one, in 
each factor, and to the right of it write the digit which repre- 
sents the difference between 9 and the digit which appears in 
the other factor, this being thus repeated the same number of 
times as the digit to the left. At the extreme right, write the 
unit’s digit of the first product obtained above.** 

Example: 666 X 999. 

The first product will be 6X9=54. Write 5 (ten’s digit) ; 
to the left of it write 6, the digit of the multiplier, as many 
times, less one, as there are digits in each factor, i.e., twice, ind 
to the right the digit 3 which is the difference between 9 and 6. 
Thus we have: 

66,533 

To complete this number, write at the extreme right the digit 

4, units’ digit of the first product (54), and the result will be: 
665,334 

Example: 3,333,333 9,999,999 = 33,333,320,006,667 

The first case given above (9,999 X 9,999) is a particular case 
of the second, the difference between the digits being zero. 


* Ball, p. 30. 
* Tbid., p. 31. 
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There are several curious tables which never fail to interest. 
The following, a table involving multiplication by 8, might be 
introduced at some time when this multiplication table is being 
reviewed.”® 

IX8+1=9 
12X8+2=698 
123 X 8+ 3= 987 
1234 X 8+ 4= 9876 
12345 X 8 + 5 = 98765 
123450 X 8+ 6 = 987654 
1234507 X 8 + 7 = 9876543 
12345078 X 8 + 8 = 98765432 
123456789 X 8 + 9 = 987654321 


Multiplication by 9 produces the following tables, characterized 
by their simplicity and symmetry.** 


IX9+ 
I2X9+ 3=III 
123X9+ 4=IIII 

1234X9+ 5=IIIII 
12345 X9+ 6=IIIIII 
123456 X9+ 7=IIIIIII 
1234507 X9+ 8=IIIIIIII 
12345078 X9+ Q=IIIIIIIII 
123450789 X 9+ IO=IIIIIIIIII 


In the preceding table the digits appear in increasing order; 
in the following they appear in decreasing order.** 


9X9+7=88 
98 X 9 + 6= 888 
987 X 9 + 5 = 8888 
9876 X 9 + 4 = 88888 
98765 X 9 + 3 = 888888 
987654 X 9 + 2= 8888888 
9876543 X 9 + 1 = 88888888 
98765432 X 9 + 0 = 888888888 


*Lucas, L’Arithmétique Amusante, p. 68. 
* Lucas, Récréations Mathématiques, Vol. 4, p. 232-3. 
Ibid. 
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A very curious table results from the multiplication of num- 
bers composed entirely of 1’s. The following is a mechanical 
rule for the formation of such products.?* To multiply a num- 
ber composed entirely of 1’s by itself, write the number which 
represents the sum of the digits in one factor (which, in order 
that the rule shall hold, must be less than 10), and symmetrically 
to the left and right of it, write the digits less than that one, in 
natural decreasing order. For example, to multiply 11111 by 
IIIII, write 5, the number of digits in either factor, and sym- 
metrically to the right and left of it, the natural decreasing 
order of digits less than 5, i.e., 4, 3, 2, and 1, which gives the 
product 123454321. 

In the above manner form the following table.?® 


IXI =: I 
XII = 121 
XIII 12321 
= 1234321 
X = 123454321 
X = 12345654321 
= 1234567654321 


X = 123456787654321 
X = 12345678987654321 


Shubert, in his “ Mathematische Mussestunden,” gives the 
following interesting tables : *° 


7X7 = 49 
67X67 = 4489 
667X667 = 444889 
6667 X 6667 = 44448889 


66667 X 66667 = 4444488889 
666667 X 666667 = 444444888889 
etc. 
* Ball, p. 34. 


Fourrey, p. 10. 
Vol. I, p. 23. 
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4X4 = 16 
34 X 34 = 1156 
334 X 334 = 
3334 X 3334 = 11115556 
33334 X 33334 = 1111155556 


333334 X 333334 = 111111555556 


The rule previously developed for multiplying by itself a 
number composed entirely of 9’s gives the following: * 


9X9 = 81 
99X99 = 
999 X 999 = 
9999 X 9999 = 99980001 
99999 X 99999 = 9999800001 


etc. 


Many tables can be formed by applying the rule for multiply- 
ing a number composed entirely of 9’s by a number composed 
of identical digits. The following is an example: * 


7X9 = 63 
77X99 = 7623 
777X999 = 776223 
7777 X 9999 = 77762223 
77777 X 99999 = 7777622223 


The following case is also interesting: 


I1X8+1 =9 
=99 
11 X8+111 = 


X 8+ 1111 = 
X 8+ = 
X 8+ 11111! = 
X8+ 111111 = 
IIIITIII X8+111I1III = 99999999 
X 84+ 1111111 = 


"Lucas, Théorie des Nombres, p. 28. 
Ibid. 
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Tables of this kind might prove valuable as rapid blackboard 
exercises, arranged in order across the room. The results will 
please the children and make them alert to notice similar cases. 
There will probably be keen interest in watching subsequent 
blackboard work, for the children will be on the lookout for 
similar peculiar products. 

We can multiply numbers of two, three, four or five digits 
very rapidly by a method which is given in the “ Liber Abaci,” 
written by Leonardo Fibonacci in 1202. This method enables 
us to write the product almost immediately without writing the 
partial products. If the factors have not the same number of 
digits complete one of them by placing zeros at the left. Let 
the numbers be a b ¢ and p q r written in the decimal system. 
Multiply c by r, write unit’s digit of this product and add the 
remaining digit to the sum of the two products br and cg which 
represent the tens. Unit’s digit of this total is ten’s digit of the 
product. Then add the remaining digit to the sum of the hun- 
dreds: ar+bq+cp, and so on. The following is an illustration 
given by E. Lucas in his “ Théorie des Nombres.” ** 


Illustration: - 
- a be a be 
X Xx | 
Pq*°e Pqe Pqre 
cr br+cq ar+bq+cp aq+bp ap 
units tens hundreds thousands tens of 
thousands 


Several practical short methods in multiplication are given in 
the second part of this paper. 


4. Division 
Most of the cases given under multiplication can easily be 
arranged for use in connection with division. To do this we 
need only make the former product the new dividend. One of 
the factors will then be the divisor and the other the quotient, 


which can be written at sight. 


=P. 20. 
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For example, ask a pupil to write as the dividend a number 
consisting of nine identical digits. You will then write the 
divisor which will be determined by the digit which appears 
in the dividend. If, for example, the dividend is 888,888,888 
the divisor will be 8Xg=72. The quotient will always be 
12,345,079. It would perhaps prove more interesting to have 
a variable result, even if the case in division were not one that 
we would ordinarily give. In this case the divisor would 
always be 12,345,679, and the quotient would be determined by 
the dividend, a number consisting of nine identical digits chosen 
by the class. If, for example, the dividend chosen is 444,444,444 
the quotient will be 4 X 9 = 36. 

The check of casting out nines should be constantly used in 
division. 

Rule: 

Cast out nines from the divisor; 
Cast out nines from the quotient; 
Cast out nines from the remainder; 
Cast out nines from the dividend. 


Multiply the first result by the second and add the third to 
this product. The remainder obtained by casting out nines 
from this last result should be equal to the remainder obtained 
in the fourth step above. 


Example: 59) 35863 
607 
Casting out by nines: 
(1) gives 5 5X 4=20 
(7) 20+ 5=25 
5 rem.= 7 
(4) 7 = 7 


The following simple trick in division never fails to impress 
the uninitiated. Write a number consisting of any number of 
digits so chosen that their sum is a multiple of 9. For example, 
suppose the number is 253,746. Ask someone to multiply this 
number by any number he chooses. Announce immediately that 
this product is exactly divisible by 3. To make the trick appear 


q 
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even more remarkable let another person multiply the same 
number by any number. Announce that this second product 
will be exactly divisible by 9. To vary this trick, choose a 
number restricted as before by the condition that the sum of 
its digits shall be a multiple of 9 and add two zeros at the right. 
Let two people multiply this number as before, each using any 
multiplier he chooses. In this case announce that the first 
product is exactly divisible by 2 and the second exactly divisible 
by 4, and both by 12. 


5. Miscellaneous Recreations 


There are many interesting recreations which consist in form- 
ing numbers by various combinations. These might be given as 
puzzles and as such they are sure to arouse the children’s interest. 

For example, write the number 45 as the sum of four numbers 
such as will give 10 as the result of adding 2 to the first of these 
numbers, by subtracting 2 from the second, by multiplying the 
third by 2 and by dividing the fourth by 2.** 


Answer: 8+12+5+20=45 
8+2=10 5xX2=I10 
I2—2=>10 20+2=10 


Another problem of this type is that of forming the number 
225 by the addition of integers composed of the nine significant 
digits each taken once.*® 


Answer: 225 =1+23+45+ 67+ 89 


We should notice that in the preceding case each new addend 
is formed by adding 22 to the preceding one. All numbers which, 
like 225, can be decomposed into addends composed of the nine 
significant digits must be multiples of nine, since the sum of the 
nine significant digits is a multiple of nine. For example, 100 
not being a multiple of nine cannot be obtained by a similar 
addition. 

There are several other problems which involve the use of 
the nine significant digits. One of the favorite ones is the fol- 


Fourrey, p. 
[bid., p. 14. 
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lowing. To write the number 100 using all nine significant 
digits. Fourrey gives many answers to this problem.” 
100= I+ 
=95+ 4+ +4 
=98+ 1+#+8 
93742 


NI 


In Ball’s “ Récréations Mathématiques ” we find the following a 
additional results : *7 


100= 50+ 49+43+# 


= 78 + 15 +479 + 4/64 
Lucas adds the two following: ** 
+ 
100 =97 4443 49 


=75 +24 \d 
There is another interesting puzzle connected with the number 
100. To write roo as the sum of four numbers such that 4 
added to the first, subtracted from the second, multiplied by the 
third, and used as divisor for the fourth, gives the result 16. 


Answer: 100 = 12+ 20+ 4+ 64 
12+4=16 4X4=16 
20—-4=16 64+4=16 
12. 


* L’Arithmétique Amusante, p. 84 


263 } 
=96 1428 
357 
= 96 2148 a 
537 ; 
= 96 1752 | 
438 
| 
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Still another puzzle connected with the number 100 is that of 


writing 100 with a single digit repeated five times. There are 
several possibilities.*® 


100 = III—II 
=5X5X5—-5X5 
=3X33+3 
=(5+5t+5+5)X5 


Schafer gives the following puzzles involving the number 100: 
To write 100 without using zeros. 

Answer: 100=99t 

To write 100 with four 9’s: 99 %= 100 

To write 100 with six 9’s: 99 %3 = 100 

We find several interesting puzzles centering about the num- 
ber 9. For example, to write the number 9 using all ten digits 
of the decimal system each appearing but once. 


9= 97524 
10836 
= 95823 
10647 
= 95742 
10638 
40638 


It is possible to write the number 1 using all ten digits as 
follows: *° 


ati 
+ 296 
Another interesting problem is that of writing 31 using five 3’s. 
31=373°+3 
The following is a similar problem: To write 34 using four 
3's we may write, 
33 + 3 = 34 
We may write the number 14 with five 1’s and the number 13 
with four 1’s as follows: 


I3=11+1+I1 


Fourrey, p. 12. 
“ Ball, p. 85. 
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A very puzzling problem is that of finding the largest number 
that can be written with three digits. The answer we are likely 
to obtain is 999, whereas the correct answer is g»’. 

After a little mathematics of this recreational type, the class 
will return to the usual work of the grade with a new enthu- 
siasm and the conviction that arithmetic isn’t so stupid after all. 


Part II. ALGEBRA 


There are many interesting arithmetical tricks and number 
games whose explanation requires a knowledge of elementary 
algebra. Some of these might well be introduced even in the 
eighth grade, or at any rate early in the high-school course, 
particularly with that type of immature mind that is now begin- 
ning to modify the intellectual work of our American secondary 
schools. Several of those given in this Part II are identical with 
some already given, and are here repeated only because the alge- 
braic explanation is clearer than the one suggested in Part. I. 

Some of the number games given in the first part of this 
paper might be taken up at this stage with their algebraic 
explanations. For example, let someone choose a number con- 
sisting of two digits, reverse the order of the digits, subtract 
the smaller number from the larger, and state one of the digits. 
The other digit can then be determined by subtracting the one 
which was given from 9. The explanation is a simple one as 
soon as the algebraic symbolism is familiar to the pupil: 


Let 10a + b= the number. 


Then 1ob +a=the number after the order of the digits has 
been reversed. 


Subtracting, we have 
10a + b— (10b +a) =9 (a—b). 


The difference between the two numbers will therefore be a 
multiple of 9. Owing to the peculiar property of 9 in our 
decimal system, the sum of the digits in the answer will be 9. 
Hence, if one of the digits is given, the other can be found by 
subtracting from 9. A similar explanation may be given for the 
case in which a three digit number is used. 

The algebraic explanation of the test by “ casting out nines ” 
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could also be given at this stage, the following being one of the 
simpler forms: 

Every number may be considered as consisting of a units, 
b tens, c hundreds, d thousands, etc., and therefore may be 
written in the form: 


a+ 10b + 100¢ + 1000d + — 
or +d+ 
This can be expressed as the sum of the following two 
addends : 


(9b+99¢+999d+ ... .) 
.... ») 


Since the first addend is exactly divisible by 9, the remainder 
obtained by dividing the second addend (the sum of the digits) 
by 9 is the same as that obtained by dividing the original number 
by 9. 

There are numerous tricks which involve merely the use of 
letters as general numbers. Most of these consist in guessing 
a number thought of by someone. Since these always prove so 
interesting to a class, several are given as types from which 
others can easily be worked out. 

First. Think of a number, add 5, multiply the sum obtained 
by 3 and subtract 7 from the product. The number can be 
found by subtracting 8 from the result and then dividing by 3. 
Representing the number thought of by a and the result of the 
above operations by p, we have: 


(a+5)3—7=> 
3a+15—7=) 
3a+8=p 
3 
For example, suppose the number thought of is 6. We then 
obtain the result 26. 26—8 = 18, 18+ 3 =6, the number origin- 
ally thought of.** 
As a second illustration, think of a number, multiply it by 6, 
subtract 5, multiply by 3, add 1, divide by 2, and then add 7. 


a= 


From the result find the original number. The students may be 


“ Schubert, I, p. 1. 
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asked to find the solution by means of general numbers. For 
example, suppose the number thought of is a. We then have: 


[(6a—5) 3+1]+2+7; 
(184-15 +1)+2+7; 
(184 — 14)+2+7; 
+7; 
ga. 
In other words, the original number is 4 of the result 
obtained.*” 
Again, think of a number, multiply it by 2, add 3, multiply 
by 5, and subtract 11. In this case we have: 


(2a+3)5—11, 
or 10a+15—II, 
or 10a+ 4. 


Hence, by disregarding 4, the last digit of the answer, we 
obtain the original number. If, for example, the number chosen 
was 7, the successive steps above would give: 14, 17, 85, 74. 
Disregarding the 4 we find the original number, 7.** 

The solution of the following problem requires somewhat more 
algebraic manipulation. Ask someone to think of a number, 
multiply it by 3, add 25 to the product, and then multiply the 
result by 4. To find the original number subtract 100 from the 
result obtained and then divide by 12.** In this case we have: 


(3a+25)4=p 

12a+ 100>)p 

12a = p — 100 

p — 100 
12 


The following is another simple problem. Ask someone to 
choose a number, multiply it by 2, add 5, multiply the result by 
5, add 10, and then multiply by 10. Mentally subtract 350 from 
the result announced. Here we have: 


a, 2a, 2a+ 5, 10a + 25, 10a + 35, 100a + 350, 1000. 


“Schubert, I, p. 2. 
“ Ibid., p. 2. 
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Hence the hundred’s digit of the result is the number originally 
chosen.** 

Ask someone who has thought of a number to treble it. Then 
ask if the product is even or odd. If it is even, request him to 
take half of it; if it is odd, request him to add unity to it and 
then take half of it. Now tell him to multiply the result of the 
second step by 3. Ask how many integral times 9 is contained 
in the latter product. 

Suppose the answer is m. Then the number thought of was 
2n or 2n + 1, according as the result of the first step above was 
even or odd. For if the number is even, it must be of the form 
2n. The successive operations applied to this give: 


6n; of 6n=3; 3nXn=on; 2" =n 
9 
From this the original number, 2n, can easily be found. 
If the number is odd, it must be of the form 2n+1. In this 
case we have: 


(2n+1)3+6n+ 3; 
4 (6n+3+1)=3n+2; 
(3n+ 2) 3=9n+6. 


This number divided by 9 gives the quotient m and remainder 6. 
From these the original number, 2n + 1, can be readily found. 
Again, request the person who has thought of a number, to 
perform the following operations. Multiply it by 5; add 6 to 
the product; multiply the sum obtained by 4; add 9 to the new 
product; and multiply the last sum obtained by 5. Ask for this 
final result, mentally subtract 165 from it and divide the re- 
mainder by 100.*7 
For, let m equal the number selected. The results of the above 
operations give: 
5”; 
5n +6; 
(sn +6) 4=20n + 24; 
20n + 24 + 9 = 20n + 33; 
(20n + 33) 5 = 100m + 165. 


“Bachet, Problem XIV, p. 27. 
“ Ibid., Problem I, p. 13. 
“ Ball, p. 61. 
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To discover how much money a person has in his pocket, tell 
him to multiply the number of dollars in his pocket by 50; add 
72 to this product; subtract 111 from the resulting sum; add 39 
to this; and then divide by 5. The result will be a number end- 
ing in zero. Disregard this zero and the resulting number will 
represent the amount of money the man has in his pocket.** 

For, let a represent the amount of money the man has in his 
pocket and we have: 

50a + 72— 111 + 39 
5 


50a 
Ask someone to choose a number; multiply it by 2; add 5; 
multiply by 5; add 3; multiply by 10; add 3; and subtract 150. 
The result will be a number ending in 33. Disregard these last 
two digits and subtract one from the resulting number to find 
the number originally chosen.*® In this case we have: 


a, 2a, 2a+ 5, (2a+5) 5, 
10a + 25+ 3 

(10a + 28) 10 
100a + 280 + 3 
100a + 283 — 150 

100a + 100 + 33 

100 (a+ 1) + 33 


The following involves the squaring of a binominal and might 
be taken up in connection with that work. Ask someone to 
think of a number, a, then of the number a+ 1, the next higher 
number in the natural sequence; then to square both numbers 
and find the difference between the two squares. Ask for this 
difference and subtract one from it. The result thus obtained 
will be twice the number originally chosen. Representing the 
original number by a, we have: °° 


=2a+1 
“ Schafer, p. 178. 


Ibid., p. 172. 
” Fourrey, p. 133. 
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Such problems seem even more remarkable when the original 
number enters into the operations performed as well as in the 
initial step. For example, think of a number; add 3; multiply 
the sum by 6; subtract 3 from the product obtained; and then 
subtract the number originally chosen; finally, divide the result 
of the preceding step by 5. To find the number we need only 
subtract 3 from this result.** Letting a represent the number 
chosen, we have: 


(a+3)6—3-a_ 6a+18—3-—a 
5 5 
5a+ 15 


5 
=at+3 


As a second illustration of this type of problem, think of a 
number; multiply it by 4; subtract 3; multiply the difference 
obtained by 6; add 3 to this product; then add the number 
originally chosen; divide the resulting sum by 5; and to the 
quotient just found add three times the number obtained by 
adding 1 to the number originally chosen. Ask for the result 
and divide it by 8 to find the original number.* Letting a equal 
the original number, we have: 


(4a—3)6+3+a+a 


+3(a+1); 
24a—18+3+a 
+ 3% +3; 
5 3% T 3 
25a— 15 
+ 3a + 3; 
34 3 
5a— 3+ 30+ 3; 
8a 


Again, think of a number and perform the following three 
sets of operations upon it, noting the result of each set. First, 
add 2 to the original number and multiply the sum obtained by 
3; second, add 4 to the original number and multiply the sum 
by 5; third, add 6 to the original number and multiply the sum 


™ Schubert, I, p. 6. 
* Ibid., I, p. 7. 
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by 7. Add the three results obtained above; subtract 8 from 
this sum and divide the resulting difference by 15. To find the 
original number subtract 4 from the result announced.** Letting 
a represent the number chosen, we have: 


3 (a+2)+5 (a+4)+7 (0+6)=150+ 68 
15a + 68—8 
15 


The following is still another example of this type of problem. 
Let someone choose any number. Then 

Multiply it by any number, a; 

Divide it by any number, 5; 

Multiply the quotient by cc; 

Divide this result by d; 

Divide the final result by the original number ; 

Add the original number to the quotient obtained ; 

Ask for the result and then subtract Fa" 

Representing the original number by n, we have: ™ 
ma, NaC, ac, ac 
b bd bd ba” 


=a+4 


n, na, 


These problems can be arranged so as to involve expressions 
of the second degree. For example, multiply the number chosen 
by the number which exceeds it by unity; from this product 
subtract the original number, and announce the result obtained. 
The square root of this result is the original number.** For, 
representing the number chosen by a, we have: 


a(a+1)—a=a?+a—-a=0 


This type of recreation may be extended to problems involv- 
ing the guessing of two or more numbers chosen by one or 
several people. Many of these problems can be used to advan- 
tage in the classroom. For example, let someone unseen by 
you, place in a row three cards containing numbers less than ten. 
Tell him to double the number on the left hand card; add 3 to 


the number obtained ; multiply this sum by 5; add 7 to the pro- 


Schubert, I, p. 7. 
“Bachet, Problem 5, p. 31. 
Schubert, I, p. 8. 
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duct obtained; add the number on the middle card; double the 
result ; add 3; multiply by 5; and add the number on the right 
hand card. For example, represent the numbers by a, b, and c. 
Then the final result obtained is of the form: 


100a + 10b + c + 235. 


Call for this final result and mentally subtract 235 from it. 
Hundred’s digit of the resulting number represents the number 
on the left hand card, ten’s digit the number on the middle card, 
and unit’s digit the number on the right hand card.** This trick 
may be varied considerably. For example, ask three people each 
to think of a number less than ten, and proceed as before. Or, 
each number may represent some definite thing, as, for example, 
the number on the left may represent the number of sisters one 
has, the middle number the number of brothers, and the right 
hand number the number of living grandparents. 

As another illustration of this type of problem, suppose there 
are two numbers, one even and the other odd, and that a per- 
son A is asked to select one of them and another person B takes 
the other. To determine whether A has selected the even or the 
odd number, proceed as follows: 


Ask A to multiply his number by 2 (or by any even number). 

Ask B to multiply his number by 3 (or by any odd number). 

Request them to add the two products and tell you the sum. 

If this sum is even, A originally selected the odd number, but 
if it is odd, A originally selected the even number." 

The reason is obvious. 

The above case was extended by Bachet, a French writer of 
1612, to any two numbers, provided they are prime to one 
another and one of them is not itself a prime. Let the num- 
bers be m and nm. Suppose / is a factor of m. Ask A to select 
one of these numbers and B to take the other. Choose a number 
prime to p, say gq. Ask A to multiply his number by gq, and B 
to multiply his number by p. Request them to add the two 
products and state the sum. Then A originally selected m or 
n according as this result is not, or is, divisible by p.* 


Ball, p. 70. 
* Tbid., p. 76. 
* Bachet, Problem XI, p. 50. 
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To guess several numbers selected, we may write the numbers 
from 1 through 9 on separate cards. Let each of several per- 
sons select one of these cards. Ask the first person to multiply 
his number by 2, add 1, and multiply the result by 5. Let him 
write this product on a slip of paper and pass it to the second 
person. Ask this second person to add his number to that 
written on the slip of paper, to double this result, add 1, and 
multiply by 5. Let him write this answer on a slip of paper 
and pass it to the third person, who in turn will add his number 
to that on the slip, multiply by 2, add 1, and multiply by 5. 
Continue in this way until the last number has been added. 

Ask for the last result and mentally subtract from it a number 
composed of as many 5’s less one as there were persons who 
chose cards. This result will give the numbers selected; that 
is, the digit of highest order will be the number chosen by the 
first person, the next that chosen by the second person, and so 
on.5® For suppose three numbers, a, b, and c, were chosen. The 
results of the successive operations will then be: 


2a+1 

10a + 5+ 

20a + 10+2b+1 

100a + 55 + 10b+¢ 

200a + 110+ 20b + 2¢+1 

1000a + 555+ 100b + 10c +d 
Subtract 555 and the result is: 

1000a + 100b + 10¢ + d. 


In the above problem the first person may be allowed to 
choose any number consisting of several digits. In this case, 
unit’s digit of the result will represent the number chosen by 
the last person, ten’s digit that chosen by next to the last person, 
and so on. All the digits preceding the one which represents 
the number chosen by the second person, will represent the 
number chosen by the first person. 

In reality, we have here done nothing more than multiply by 
powers of ten. The digit 1 was introduced merely to distract 
the attention from this fact and to prevent the discovery of 


the apparent trick. 


Fourrey, p. 137. 
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Again, ask someone to think of two numbers. To the product 
of these two numbers let him add the product obtained by mul- 
tiplying the larger of the two numbers by the difference between 
the two numbers. To find the larger number, take the square 
root of the result. To find the smaller number, multiply this 
smaller number by the difference between the two numbers and 
subtract the result from the product of the two original num- 
bers. The square root of the result will be the smaller number.** 
For, letting a represent the larger number and b the smaller 
number, we have: 


ab + a (a—b)=ab + 
and ab—b (a—b)=ab—ab+b? =b? 

To find five successive numbers chosen by someone, ask him 
to find the sum of the five numbers, multiply this sum by 8; 
divide the resulting product by 2; and multiply the quotient thus 
obtained, by 5. The result will be a number terminated by two 
zeros. Disregard these zeros, that is divide this number by 100, 
and the number obtained will be the third of the five numbers 
chosen. The two preceding and the two following numbers 
can then be readily found.** For example, suppose the num- 
bers chosen are 5, 6, 7, 8, 9 (or, in general a—2, a—1I, a, 
a+1,a+2). We then have: 

35 
2 


X 5 = 700 50 x5 = 1000 

Ask someone, who has thought of two numbers each of which 
is less than ten, to multiply the first number by 2; add 5 to the 
product; multiply the sum by 5; add the second number; and 
then tell you the final result. Mentally subtract 25 from this 
result. The difference obtained will be a two-digit number of 
which ten’s digit will be the first number thought of, and unit’s 
digit the second.® For, representing the first number by a and 
the second by b, we have: 


(2a+5)5+b—25; 
10a + 25 +b—25; 
10a +b 


Schafer, p. 176. 
“ Ibid., p. 177. 
Ibid., p. 180. 
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The above problem may be extended to three numbers, each 
less than ten. In this case multiply the first number by 2; add 5; 
multiply by 5; add the second number; multiply by 10; add the 
third number; and announce the result. This result minus 250 
gives the three numbers in order, reading from left to right. 
The explanation is similar to that of the above case. 

As another illustration of a problem involving two numbers, 
ask someone to select at random from a box a domino on each 
half of which is a number. Tell him to write these numbers; 
multiply either of them by 5; add 7 to the result; double this 
result; and, lastly, add to this the other number. From the 
number thus obtained the original numbers can be found by 
subtracting 14, for the result will be a number of two digits, 
these digits being the numbers chosen. 

Suppose the numbers selected be represented by a and b, each 
of which from the nature of dominoes is less than 10. Then 
we have: ** 


5a, 

5a+7, 

10a + 14, and 

10a+14+b 
Subtracting 14, we have 10a + b. 


To find the result of a series of operations performed on any 
number (unknown to the questioner) without asking any ques- 
tions, ask someone to write any number consisting of three 
digits ; then to write the number obtained by reversing the order 
of the digits of the first number; then to find the difference 
between these two numbers; then to write the number obtained 
by reversing the order of the digits in this difference; and finally 
to add this last number to the difference obtained above. The 
result of this last operation is always 1089, no matter what 
number was selected.* 

Schafer, p. 181. 


“ Ball, p. 78. 
“ Ibid., p. 74. 
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Explanation: 965 100a + 10b + ¢ 
569 100c + 106 + a 
396 100 (a—c—1)+90+(10+¢—a) 
693 100 (10+ ¢—a)+90+(a—c—1) 
1089 goo + 180 + 9 = 1089 
The following is a similar case: Write any number consist- 
ing of three digits which decrease by unity from left to right; 
reverse the order of these digits ; and find the difference between 
the two numbers. This difference will always be 198. 
765 100a + 10 (a—1)+a—2 
567 100(a—2)+10(a—I1)+a 
198 99a — 99 (a— 2)= 99 (a—a +2) 
= 198 
The following is another problem to which the answer can 
be found without asking any questions: 
Request someone to think of a number, and to multiply it by 
any number, say a; then to add b; then to divide the sum by c; 


then to take 2 of the number originally chosen. Subtract this 


from the quotient just found. This result is always known to 
the questioner. For the result of the first three operations is 
na+b 


, and the result of the next operation is "0 The differ- 


ence between these is 2 and is therefore known to the questioner.** 


The following is a recreation of the same type, involving 
deno:ninate numbers: 

Ask someone to write a number of yards, feet, and inches, 
less than 11 yards and in which the number of inches differs 
from the number of yards. Ask him to reverse this number, 
that is, to write below it the number obtained by interchanging 
the number of yards and inches; then to find the difference 
between the original number and this new number; then to 
reverse this difference and add this result to the difference before 
the digits were reversed. The result will always be: 


11 yards 4 feet 11 inches 


Ball, p. 76. 
* Bachet, Problem VIII, p. 44. 
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Explanation: Letting a represent the number of yards, b the 
number of feet, and c the number of inches, where c is less than 
a, we have: 


yards feet inches 
a b c 
c b a 
2 
c—a+i2 2 
II 4 II 


This problem may be varied by using any other three denomi- 
nate numbers.** If, for example, we use hours, minutes, and 
seconds, the constant result will be 60 hours, 59 minutes, and 
59 seconds. 

Anyone who has a knowledge of elementary algebra can make 
this number trick seem even more remarkable by giving a per- 
son freedom to choose any number and also freedom to per- 
form any operations he chooses, provided he tells what these 
operations are and what result he obtains. By letting some 
letter, a, represent the number chosen we can readily find that 
number as follows: Form an equation whose left hand member 
will express the operations performed, and whose right hand 
member will be the result obtained. To find the original num- 
ber solve for a. For example, suppose the person who has 
chosen a number announces that he has multiplied it by 2; added 
17; multiplied the resulting sum by the original number; and 
obtained the result 135. Letting a represent the number chosen, 
we have: °° 


(2a+ 17)a= 135 
2a* + 17a— 135 =0 
(2a+ 27) (a—5)=0 
or 5 


There are many interesting “short cuts” in arithmetic that 
may be ranked among the games of the science. For example, 


“In Ball, p. 74, the rule is developed for pounds, shillings, and pence. 
® Schubert, I, p. 8. 
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to multiply a number consisting of two digits by a number of 
one digit,”° we may notice that — 


57 X6=(50 +7) 6 
= 300 + 42 = 342; 
or, in general 
(10a + b) ¢c = 10ac + be 


There is also a simple method for the multiplication of two 
numbers, each of which consists of two digits, the first being 
unity. 

Here we have: 18 X 13=18 (10+ 3) 

= 180+ 18X3 
= 180 +(10+ 8) 3 
= 180+ 30+ 8X 3 
= (18+3) 10+8X3 
= 210 + 24 = 234 
Similarly, 19 X17= (19+ 7) 10+ 63 
= 343 
From these two cases the rule is evident. 

Pupils are usually interested in learning of the multiplication 
of two numbers each consisting of two digits, both having the 
same digit in ten’s place. In this case we multiply the number 
of tens in the multiplicand by the multiplier increased by the 
digit in unit’s place of the multiplicand, and add to the product 
thus obtained the product of the digits in unit’s place. 


For example, 
42 X 49 = 40 X 51 + 18 = 2058 
This method is an application of the following: 
(a+b) (a+c)=a(at+b+c)+ be. 
a very old rule in arithmetic, now generally forgotten. 

To multiply a two-digit number by a number consisting of 
two identical digits is a case still occasionally found in arithme- 
tics. For example, consider the product of 48 and 33. 

To 48 add the digit (4) in ten’s place, which gives 52. Mul- 
tiply 52 by 30 and add to this product the product of the digits 
in unit’s place, 8 X 3. Then we have: 

48 X 33 = 52 X 30 + 24 = 1584 


” Ball, p. 47. 
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This is an application of the following: 
(10a + b) 11¢ =(11a+ b) 10¢ + be. 


To square a two-digit number ending in 5, as, for example, 
75, we write the product of the first digit by the next higher 
digit (7 X 8), and to this product annex 2 and 5 as the last two 
digits of the square. For, 

(a5)?= (aX 10+ 5)’, 
=a(a+1) 100+ 25 
For example, 65? = 4225 


To square a two-digit number whose first digit is 5 we may 
proceed as follows: Add the unit’s digit to 25 for the first two 
figures; this will always be followed by the square of unit’s 
digit.” 

The following is a problem that may be used in connection with 
the reduction of fractions: 

Think of a number, a, then of another number, b, that is greater 
than a. Divide the difference of these numbers by their product 
increased by 1. Subtract this quotient from the greater number, 
b, and multiply the result by 3. Call the final result A. Again, 
divide the difference of the two numbers by their product in- 
creased by 1, and multiply the quotient obtained by the greater 
number. To this product add one and multiply the sum by 2. 
Call the result B. 

Divide A by B and ask for the quotient. The original number 
is always % of this mae For, 


reduces to—— from 
+1 
which the original number can readily be obtained.” 

As a type of the game element in connection with quadratic 
equations, the following may be given: 

Take any number; to its square add its double; and increase 
this sum by 1. Ask for the result. The square root of this 


™ Ball, p. 52. 
be Bachet, Problem IX (Supplement), p. 196. 
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diminished by unity will be the original number. For we evi- 
dently have: 
a, a? + 2a+1,a+1, and a. 


The following is an interesting puzzle in connection with 
simultaneous equations: 


Have someone think of three, four, five, or more numbers. 
If there were three numbers chosen, have the sums stated in 
pairs; if there were four numbers, have the sums stated three 
by three; if there were five numbers, have the sums stated 
four by four, and so on. 

From the simultaneous equations thus obtained it is easy to 
find each number by subtracting from the whole sum, the partial 
sums given."® 

A familiar old puzzle involving a geometric progression has 
come down to us from Greek times. As commonly met in chil- 
dren’s literature it is changed so that the answer is 1, the usual 
version being: 

As I was going to St. Ives 

I met a group of seven wives. 
Every wife had seven sacks; 
Every sack had seven cats ; 
Every cat had seven kits ; 

Kits, cats, sacks, and wives, 

How many were going to St. Ives? 


‘ ‘ 


As an example in progressions, change “ met” to “ passed.” 

In the nature of puzzles, and therefore with the game element 
prominent, are several interesting fallacies, the consideration of 
which involves some useful mathematics. For example,’* 


Let a=b. 

Then ab = a’. 

Hence ab — b*? = a — B*. 

and b (a—b) = (a+b) (a—b). 
Therefore b=a+b, 

or b= 2b, 

and -I=2. 


*Bachet, Problem VII, p. 38. 
* Ball, p. 102. 
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As a second interesting case, let a and b be two unequal num- 
bers, and let c be their arithmetical mean.” 


Then a+b=2c. 

Therefore (a+b) (a—b) =2c (a—b). 
Therefore a? — 2ac = b? — 2be, 

and a? — 2ac + c? = b? — 2be + c?*. 
or (a—c)?=(b—c)?*. 
Hence a—c=b-—c 

and a=b. 


But a and b were taken as unequal. Hence any two unequal 
numbers are always equal. 
By a somewhat similar reasoning we can show that 2 equals 3. 


For, 4—10=9~—15, 
4=2', 
10>=2X X2, 
9= 3°, 
and 


Completing the squares by adding (4) *, or ¥, to each member 
we have: 


(2—#)? =(3—#)’, 


whence = 
and 2 = 3. 

To prove that 5 equals 7,7° 

Let a= ib, 
Therefore, 4a = 6b, 

or 14a — 10a = 21 b— 15), 
and 15b — 10a = 21b — 142, 
or 5 (3b — 2a) = 7 (3b — 2a), 
Hence 5=7. 


We can also show that 9 equals 5.77 

For, 9+5=2X7 

Multiplying both members by 9 — 5, we haw; 

Therefore, 

* Ball, p. 103. 


® Schubert, I, p. 135. 
"TIbid., I, p. 136. 
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Adding 7? to both members, 
or, by taking the sq. root, 9-7 =5—7. 


Hence > 
Let a and b be any two numbers, and let c be their difference."* 
Then a—b=c 


Multiplying both members by a— b, 
a? — 2ab + b?=ca—cb, 


whence a(a—b—c)=b(a—b—c). 
Therefore a=b. 

In other words, any two numbers are always equal. 
Furthermore, +1 equals — 1. 

For, Va X Vb= Vab, 

whence Vv—1XV—1=V (—1) 

or (V—1)?=V1, 

whence 


Of course the fallacy is quite obvious in each case if one has 


had a little training in algebra, and its recognition is an exercise 
that becomes the more interesting on account of the game element 
involved. 


These are only a few of many puzzles that pleasantly conceal 


a number of important mathematical principles, and that are 
available for elementary and secondary schools. There is an 
extensive literature upon these recreations, and we may hope 
to see some of this material used to good advantage in the 
schools as this literature becomes better known. 


™ Ball, p. 104. 
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The book will prove full of stimulating and helpful sugges- 
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bia University, and Mary Reesor, M.A., Instructor, Department of Phys- 
ical Education, Teachers College, Columbia University. 41 pages. $.20. 

The Old Testament in the Sunday School. A. J. Wittiam Myers, Ph.D. 141 
pages. $1.00. 

Idiecy and its Treatment by the Physiological Method. Dr. Secuin. 202 pages. 
Cloth bound. Price, $2.00. Reprint of a rare book of very great historical 
importance, especially to all who are interested in mental defectives. 

The Constructive Interests of Children. Ernest B. Kent. 78 pages. Price $.50 
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Formal Discipline. C. J. C. Bennett. 76 pages. Paper bound. Price, $.50. 
History of Education as a Professional Subject. W. H. Burnnam and Henry 
SuzzALLo. 67 pages. Paper bound. §.50. 
liography of Children’s Reading. Franxiin T. BAKER. 129 pages. 
$.60. (Reprinted from Teachers College Record, January and 
1908.) 
Mental and Social Measurements. Professor Epwarp L. THornpike. Revised 
edition. 
Science and Hypothesis. H. Porncart, Member of the Institute of France. Au- 
thorized translation by Grorce Bruce HAtstTeD. XXxi+1I95 pages. $1.50. 
Value of Science. H. Porncar&, Member of Institute of France. Authorized 
translation with an introduction by Greorce Bruce HAtstep. 147 pages. 
$1.50. 
Heredity, Correlation and Sex Differences in School Abilities. Edited by Professor 
Epwarp L. THORNDIKE. 60 pages. Paper covers, $.50. 
Notes on Child Study. Second edition. Professor Epwarp L. TxHornpiKke. 
181 pages. Paper covers, $1.00. 


TECHNICAL EDUCATION BULLETINS 


No. 1. Economic Function of Woman. Epwarp T. Devine, Ph.D., Professor 
of Social Economy, Columbia University. 16 pages. 10 cents. 

No. 2. Annotated List of Books Relating to Household Arts. 42 pages. 15 
cents. 

No. 3. The Feeding of Young Children. Mary Swartz Ross, Ph.D., Assistant 
Professor, School of Housthold Arts. 10 pages. 10 cents. 

No. 4. Hints on Mary ScuHenck Woo Professor of Domestic 
Art, School of Household Arts. 8 pages. 10 cents. 

No. 5. Quantitative Aspects of Nutrition. Henry C. SHerman, Ph.D., Pro- 
fessor of Food Erg Columbia University, and Head of Department 
of Nutrition and Food Economics, School of Household Arts. 16 pages. 
to cents. 

No. 6. Annotated List of Books Relating to Industrial Arts. 50 pages. 15 cents. 

No. 7. The Determination of Cotton and Linen by Chemical and Microscopic 
Methods. Professor Herzoc, of Prussian Textile School, at Sorau. Trans- 
lated by ELLten BeEsrs, School of Household Arts. 2 5 half-tone illustrations 
and 2 color prints. 35 pages. 25 cents. 

No. 8. A Syllabus of Household Management. Mary Louise Furst, Lecturer, 
School of Household Arts. 10 cents. 

No. 9. The Girl of Tomorrow—What the School Will Do for Her. Benjamin 
R. ANpReEws, Ph.D., Secretary, Schools of Industrial and Household Arts, 
Teachers College. 8" pages. ro cents. 

No, 10. Fundamental Values in Industrial Education. Freperick G. Bonser, 
Ph.D., Assistant Professor of Industrial Education, Teachers 
30 cents. 

No. 11. Annotated List of Text and Reference Books for Training Schools for 
Nurses. 60 pages. 25 cents. 

No. 12. Address List of Firms Furnishing Supplies and Materials for Instruction 
in Household Arts. 10 cents. 

No. 13. Dietary Study in a Children’s Hospital Mary Swartz Rose and 
C. JACOBSON. 10 cents. 


No. 14. A Year’s Work in Industrial Arts in the Fifth Grade of Speyer School. 
15 cents. 


No. 15. Industrial Education and the Labor Unions. Frank Durry. 14 pages. 
Io cents. 
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Teachers College Record 


The journal is issued bi-monthly except July, thus having five numbers during 
the year, January, March, May, September, and November. The numbers vary in 
length, from eighty to one hundred and thirty pages, being on an average about 
one hundred pages. The subscription price is $1.00 per year, 20 cents extra for 
foreign postage. This price is for subscriptions paid in advance, except that in 
the case Of libraries go days are allowed for payment. Single numbers are 30 
cents each, postpaid. A discount of 20 per cent is allowed on an order for five 
or more copies or subscriptions if remittance in payment is sent with order. 
Address all orders to TEACHERS COLLEGE RECORD, 525 West 120th St., New York 
City. Make money orders payable to Teachers College. 


CONTENTS OF VOLUME I—1900 


No. 1 The History and Function of Teachers College—Papers by 
January Dean Russet and Ex-President Hervey. (Out of print), 
No. 2, March Nature Study—Miss Carst and Professor Lioyp. 

No. 3, May English. (Out of print). 

No. 4 Syllabi of Education Courses—President Butter, Dean Rus- 
September SELL and Professors Monroe and Dutton. 


No. 5, November Hand Work. (Out of print). 


CONTENTS OF VOLUME II—1901 


No. 1 Biology in the Horace Mann High School—Professors Lioyp 
January and BIGELow. 

No. 2 Geography in the Horace Mann School—Professor Dopce and 
March Miss KircHWEY. 

No. 3 Child Study—Sources of Material and Syllabi of College Courses 
May —Professor THORNDIKE. 

No. 4 Syllabi of Courses in Elementary and Applied Psychology— 
September Professor THORNDIKE. 


No. 5, November Manual Training. (Out of print). 


CONTENTS OF VOLUME III—1902 


No. Horace Mann School; Dedication Number—Papers by Presi- 

January dent Gitman, Professor Dutton and others, on Present- 
Day Problems in Education. (Out of print). 

No. 2 Chemistry and Physics in the Horace Mann High School—Pro- 

March fessor WoopHuLL. (Out of print). 

Nos. 3 and 4 Helps for the Teaching of Cesar—Professor Lopce and Messrs, 

May, September Husse tt and Littie. (Out of print). 

No. 5 The Speyer School. Part I—lIts History and Purpose—Dean 

November Russet, Professor McMurry and Mr. Burks. 


CONTENTS OF VOLUME IV—1903 


No, 1 The Speyer School. Part I11—lIts Curriculum and its Relation to 
January Teachers College—Professor McMurry and Mr. Burks. 
No. 2 Mathematics in the Elementary School—Professors SmitH and 
March McMurry. (Out of print). 

No. 3 New Methods of Teaching Modern Languages—Doctor Lzo- 
May POLD BAHLSEN. 

No. 4, September University Extension—Professor Sykes. 

No. 5 The Philosophy and Psychology of the Kindergarten—Dean 
November Russe.i and Professors THORNDIKE and MACVANNEL. 
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No. 1, January 
No. 2, March 
No. 3, May 


No. 4, September 
No. 5, November 


No. 1, January 
No. 2, March 


No. 1 and No. 2 on Children’s Reading have been reissued as one pamphlet, 
125 pages, price 6oc. 


No. 3, May 


An enlarged and revised reprint of this, bound in boards, has been issued. 
Price $1.50. 


No. 4, September Educational Museums—B. R. ANDREWS. 
No.5, November Teaching of History—Professor JOHNSON. 
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CONTENTS OF VOLUME V—1904 


Music in the Schools—Professor FARNSwoRTH and Miss Horer. 

The Curriculum of the Elementary School—Professors Dutton, 
Pearson, Ricnarps, Woop and WoopHuULL. 

Experimental Work in Elementary Schools—Professor Mc- 
Murry and others. 

Syllabi of Education and English Courses—Professors Mac- 
VANNEL, ABBoTtT, Baker and Sykes. (Out of print). 

Kindergarten Education—Professor RUNYAN, Miss O’Grapy 
and Miss Mitts. 


CONTENTS OF VOLUME VI—1905 


Educational Psychology—Professors and THorNDIKE. 

School Hygiene—Professors Woop and Kinng, and Doctors 
Jacosi, Weexs and Kertey. 

City School Expenditures—Dr. Strayer. (Out of print). Re- 
issued as No. 5 Teachers College Contributions to Educa- 
tion, price $1.00, cloth buund. 

The Educational Theories of Herbart and Froebel—Professor 
MacVANNEL. (Out of print). Reissued as No. 4 Teachers 
College Contributions to Education, price $1.00, cloth bound. 

Some Fiscal Aspects of Public Education in American Cities— 
Professor Ex.tiott. (Out of print). Reissued as No. 6 
Teachers College Contributions to Education, price $1.00, 


cloth bound. 
CONTENTS OF VOLUME VII—1906 

Elementary School Curriculum. First Grade. 
Secondary School Curriculum. Part One. Language, History, 

Mathematics. 
Secondary School Curriculum. Part Two. Science and Art. 
Elementary School Curriculum. Second and ThirdGrades. (Out 
of print). 


Studies in the Teaching of English Grammar. 


CONTENTS OF VOLUME VIII—1907 
Elementary School Curriculum. Fourth and Fifth Grades. 
Experimental Studies in Education. 
Elementary School Curriculum. Sixth Grade. 
Elementary School Curriculum. Seventh Grade. (Out of print). 
The Industrial Improvement Schools of Warttemberg. 
CONTENTS OF VOLUME [X—1908 


A Bibliography of Children’s Reading. Professor BAKER. 
A Bibliography of Children’s Reading (Continued). 


The original separate No. 1 is out of print. 
The Theory and Practice of Teaching Art—Professor Dow. 


(Out of print). 
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CONTENTS OF VOLUME X—1909 

No.1, January The Teaching of Arithmetic—Professor SmituH. (Reprinted) 

No. 2, March Studies in Secondary Education. 

No. 3, May Domestic Science Equipment. Professor Kinne. (Out of print 
in Record form) 

No. 4, September The Making of a Girls’ Trade School. Professor Wootman, 
(Out of print in Record form) 

No. 5, November Articles on Kindergarten Education. Professor MacVANNBL 
and Miss Patty Smita (Reprinted) 


CONTENTS OF VOLUME XI—1910 


No. 1 The Teaching of Physical Science. Professor Joun F. Woop- 
January HULL. 

No. 2, March Handwriting. Professor E. L. THornpike. (Reprinted) 

No. 3, May Nurses Education. Edited by Professor NuttTinc. 

No. 4 Stenographic Reports of High School Lessons. Edited by Miss 
J September Romiett Stevens. (Reprinted) 

No. 5 Studies in Educational Administration. Edited by Professor 

November STRAYER. (Out of print) 

CONTENTS OF VOLUME XII—1911 

No. 1 Studies in Elementary School Practice. Edited by Professor 

January Bonser. (Out of print.) 
i No. 2 The Teaching of Primary Arithmetic. Professor HENRy Svuz- 
March ZALLO. (Out of print in Record form.) 

No. 3, May Higher Girls’ School of Prussia. Dr. C. Wittiam PretryMan, 


No. 4,September Industrial Education. Professor Syxes and Professor BonsER. 
No. 5, November The Teaching of Spelling. Professor Suzza..o. 


CONTENTS OF VOLUME XIII—1912 


January and Mr. Pearson. 


No. 1 Comparative Experimental Teaching of Spelling. Professer 

No. 2 Present Teaching of Mathematics in Germany. Professor 

March SMITH with co-operation of graduate students. 

No. 3 Health Instruction in the Elementary School. Professor Woop 
May and Miss Reesor. 
No. 4 A Scale for the Measurement of Qnality in English Composition 


September of Young People. Professor Hitiecas. 
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Why not have a Purpose in your Drawing ? 


This New Book: SCHOOL DRAWING 


A REAL CORRELATION 
By FRED H. DANIELS 


IVES to drawing a definite aim and purpose by making it a valuable ac- 
cessory to other studies. It supplements the word teaching of history, 
phy, literature, nature study, etc., with drawing and constructive work 

in illustration of the subject lesson. Instead of haphazard designs, made 
simply for the sake of drawing, this book provides positive and definite prob- 
lems, which when worked out, present important parts of other studies, and a 
materialization of the designs made in the drawing period. 

No other publication has ever adequately shown how dra may be of 

vital service to the other school subjects; it is distinctly A NE BOOK. 

SCHOOL DRAWING is mechanically a model of book making. It ws 

beautifully printed in Sepia on India Tint paper, and bound in.rich brown cloth 
stamped in two colors. It contains 156 pages, 73 of which are printed with 
half tone reproductions of the problems presented. Postpaid $1.90. 


SEND FOR DESCRIPTIVE CIRCULAR AND SAMPLE PAGES 


MILTON BRADLEY COMPANY 


Springfield, Mass. Boston New York Philadelphia Atlanta San Francisco 


Chicago Kansas City 
Thomas Charles Co., 80 Wabash Ave. Hoover Bros., 418 E oth St. 


SCHOOL SCIENCE AND MATHEMATICS 


The Journal for all Pregressive Science and Mathematics Teachers 


ys subscription list contains names of teachers in all 

cduntries of the globe. @ It is the Official Organ 
of many Science and Mathematics Societies. @ It . 
gives new ideas and methods of scientific and mathe- 
matical instructions—practical articles on the teaching 
of science and mathematics. Suggestive, illustrated 
descriptions of apparatus, experiments, laboratory 
equipment and plans. Short, newsy, helpful notes on 
the progress in science and mathematics. @ Speak to 
your teacher friends about it. Get them to subscribe. 
Subscriptions received any time. Yearly subscription, 
$2.00. 


SCHOOL SCIENCE AND MATHEMATICS 
2059 East 72d Place, Chicago, Ill. 
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Columbia University 


In the City of Hew Work 


The University includes the following: 


Columbia College, founded in 1754, and Barnard College, founded in 1889, 
offering to men and women, respectively, programs of study which may be begun 
either in September or February and leading normally in from three to four years 
to the degrees of Bachelor of Arts and Bachelor of Science. The program of 
study in Columbia College makes it possible for a well-qualified student to satisfy 
the requirements for both the bachelor’s degree in arts or science and a profes- 
sional degree in law, medicine, technology, or education in six, five and a half, 
or five years as the case may be. 


The Faculties of Political Science, Philosophy and Pure Science, offering 
advanced programs of study and investigation leading to the degrees of Master 
of Arts and Doctor of Philosophy. 


The professional schools of 


Law—established in 1858, offering courses of three years leading to the degree 
of Bachelor of Laws 


Medicine—the College of Physicians and Surgeons—established in 1807, offer- 
ing four-year courses leading to the degree of Doctor of Medicine 


Mines, Chemistry and Engineering—founded as the School of Mines in 1863, 
offering tour-year courses leading to degrees in Mining, Engineering, Metal- 
lurgy, Chemistry, and Civil, Electrical, Mechanical and Chemical Engineering 


Teachers College—founded in 1888, offering programs of study each of two 
years based upon two years of collegiate work and leading to professional 
diplomas and degrees in elementary or secondary teaching or some branch 
thereof, and advanced programs leading to the Master’s and Doctor's diplo- 
mas in Education 


Fine Arts—founded as the School of Architecture in 1880, offering programs 
of indeterminate length leading to certificates and degrees in Architecture 
and Music, and to a certificate in Design 


Pharmacy—the New York College of Pharmacy—founded in 1831, offering 
courses of two and three years leading to appropriate certificates and degrees 


In the Summer Session the University offers courses giving both general and 
professional training which may be taken either with or without regard to an 
academic degree or diploma. 


Through its system of Extension Teaching the University offers many courses 
of study to persons unable otherwise to receive academic training. 


There are Residence Halls with accommodations for five hundred men and 
over four hundred women. 


The price of the University Catalogue is twenty-five cents postpaid. Detailed 
information regarding the work in any department will be furnished without charge 
upon application to the Secretary of Columbia University, New York, N. Y. 
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Teachers College, Columbia University 


Teachers College is the professional school of Columbia 
University for the study of education and the training of 
teachers. It trains university, college and normal school 
teachers of education; superintendents, supervisors and 
principals of schools; and teachers of all subjects for kinder- 
gartens, elementary, secondary, normal and other schools. 


The College offers one hundred courses in the subject of edu- 
cation divided among the fields of the history, philosophy and 
sociology of education, educational psychology, educational admin- 
istration and various branches of secondary, technical, elementary 
and kindergarten teaching. It offers an equal number of semi-pro- 
fessional courses in Biology, English, Fine Arts, French, German, 
Geography, History, Household Arts, Industrial Arts, Mathe- 
matics, Music, Nature Study, Physical Education and Physical 
Science. Academic courses in all other parts of the University 
are also open to students of Teachers College. The College main- 
tains an unequaled educational library, an educational museum, 
the Horace Mann School of Observation and the Speyer Experi- 
mental School, with a combined attendance of 1,400 pupils. 
The various curricula lead to the Doctor’s and Master’s degrees 
and diplomas with a major subject in education; to the Bachelor’s 
diploma and to the degree of Bachelor of Science and to various other 
diplomas and certificates. The graduate curricula are from one to 
three years in length and require the previous completion of a 
course leading to the Bachelor’s degree. The professional curric- 
ulum leading to the Bachelor’s diploma and degree is two years 
in length and requires the previous completion of two years of 
college or normal school work or its equivalent. The special 
curricula are from one to three years in length. Tuition is 
$150.00 per year. Some sixty fellowships and scholarships are 
awarded annually. For further information, address the Secretary. 

JAMES E. RUSSELL, LL.D., Dean 
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Columbia University Quarterly 


THE QuarTERLy aims to represent faithfully all the varied 
interests of Columbia University. It publishes historical 
and biographical articles of interest to Columbia men, 
shows the development of the institution in every direc- 
tion, records all official action, describes the work of 
teachers and students in the various departments, reports 
the more important incidents of undergraduate life, notes 
the successes of alumni in all fields oF activity, and fur- 
nishes an opportunity for the presentation and discussion 
of University problems. 

THE QuarTERLy is issued in December, March, June, 
and September, each volume beginning with the Decem- 
ber number. Annual subscription, one dollar; single 
number, thirty cents. 600 pages per volume. 

All communications should be addressed to the 
COLUMBIA UNIVERSITY QUARTERLY, at 
Lancaster, Pa., or at Columbia University, New York City. 

RUDOLF TOMBO, JR., Managing Editor 


MAGAZINE READERS | | Teachers 


Our 1912-13 Subscription Catalog is the 
most complete magazine catalog ever 


that will save you money. 
Cosmopolitan, - $150 Record 


Good Housekeeping, 1.50 
World’s Work, - 3.00 


$6.00 Vol. I, No. 5 
All for $4.15 Vol. Il, No. 5 
Uncle Remus, - $1.00 
Opportunity, - 1.50 Copies of these two numbers 
Home Life, . 50 are wanted. Good prices paid. 
$3.00 
_All for $1.50 ADDRESS 
this catalog before you 
Agents wanted everywhere. Record 


BEVIL SUBSCRIPTION AGENCY 
ATLANTA GEORGIA NEW YORK CITY 
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Geachers College, Columbia Untversity 
NEW YORK CITY 
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| Teachers College Record 
Edited by Dean James E. Russell 


This journal is issued by Teachers College, Columbia University, 
primarily for the purpose of presenting to students of education, and t 
the public generally, a comprehensive view of the history and principles 
of education, of educational administration, and of the theory and prac 
tice of teaching as advocated and followed by Teachers College and its 
schools of observation and practice. 


The journal is issued bi-monthly except July, thus having five nume- 
bers during the year—January, March, May, September, and November, 
The numbers vary in length, being on an average about eighty 
pages. The subscription price is $1.00 per year, 20 cents extra for 
foreign postage. This price is for subscriptions paid in advance, except 
that in the case of libraries 90 days are allowed for payment. Single 
mumbers are 30 cents each, postpaid. A discount of 20 per centié§ 
allowed on an order for five or more copies or subscriptions if remit- 
tance in payment is sent with order. 


ANNOUNCEMENT 


The Elementary School Curriculum (2 numbers). 


(Complete description of revised curriculum of the Horace Mann Elementary q 
School) 


Make money orders payable to Teachers College and address all 
orders to ; 


TEACHERS COLLEGE RECORD 


525 West 120th Street 
NEW YORK CITY 
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